INTEGRATION IN A CONVEX LINEAR TOPOLOGICAL SPACE

BY
C. E. RICKART

INTRODUCTION

The results of this paper center around the definition of an integration
process for multi-valued set functions which are defined over a o-field I and
whose values lie in a convex linear topological space %. As such they represent
a substantial generalization of the basic results contained in a paper by
A. Kolmogoroff [7](?), who considered the case in which ¥ is the real numbers.
On the other hand, the method of defining the integral is a generalization of
that used by R. S. Phillips(?) [12, p. 118], although Phillips considered in-
tegration only with respect to a positive numerical measure function and
restricted the integral to be single-valued. The importance of the Phillips
definition lies in the fact that it relieves one of the necessity of considering
infinite sums. Throughout the paper is emphasized a type of convergence for
sets in a linear topological space which is analogous to the Hausdorff notion
of convergence for sets in a metric space [5, §28]. G. B. Price has made a
similar use of the Hausdorff convergence for sets [13, Parts II, V].

The contents of the paper are divided into four parts. Part I (§§1-3) con-
tains a short discussion of convex linear topological spaces, a definition of the
notion of unconditional summability, which plays a central role in the defini-
tion of the integral, and two theorems on additive set functions. Part II
(§8§4-9) contains the general theory of the U- and § U-integrals. The U-inte-
gral is multi-valued and is defined for multi-valued set functions F(¢). The
S U-integral is the single-valued specialization of the U-integral. Definitions
and basic properties of these integrals account for §§4, 5. Section 6 contains
a discussion of a generalization of the Kolmogoroff [7] notion of differential
equivalence applied to the U-integral, and §7 contains a proof that the trans-
form of an integrable function by a general type of linear transformation is
integrable. In §8 it is shown that the definition of the § U-integral can be
weakened in case X is complete in a certain sense. Section 9 contains a con-
vergence theorem for the § U-integral which involves a generalization of the
notion of approximate convergence to functions F(s) of the type considered
here. The approximate convergence is relative to a positive numerical meas-
ure function m (o) whose only relation to the integral lies in the condition that
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(1) Numbers in brackets refer to the bibliography at the end of the paper.

(2) See also a paper by Garrett Birkhoff [2, p. 51] where the same definition used by
Phillips is given.
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the integrals of the functions considered be absolutely continuous relative
to m(s). Part III (§§10-13) is concerned with the Usp-integral which is a
specialization of the § U-integral and may be described as integration with
respect to a “bilinear” function. The “bilinear” function B[y, ¢] is a general-
ization of m(0)y, where m (o) is a numerical measure function. It has its values
in ¥ and is defined for y in a linear space ) and ¢ in the o-field M. It is linear
in y for each ¢ and completely additive in ¢ for each y. Functions y(s) to be
integrated have their values in §) while the value of the integral is in X. Sec-
tion 10 contains a definition of the Us-integral and a discussion of its funda-
mental properties. In §11 the Up-integral is considered for the case in which
¥ is complete in the sense of §8. Section 12 contains a discussion of absolute
continuity and a convergence theorem for the Ug-integral. In §13 the exist-
ence of the Up-integral is proved for a certain class of measurable functions.
Part IV (§§14-16) relates the above integrals to previously defined integrals.
For the case in which ¥ is the real numbers, the § U-integral includes an in-
tegral of Kolmogoroff [7]. The Usg-integral reduces in a special case to an
integral of Phillips [12], and a specialization of the Up-integral includes an
integral of Price [13]. Relation of the Us-integral to the various other in-
tegrals which have been defined can be obtained through its relation to the
Phillips integral (see [12, §7]).

PART I. PRELIMINARY CONSIDERATIONS

1. Convex linear topological spaces. The type of linear topological space
% to be considered here is that introduced by J. von Neumann [11, p. 4]. It
is defined as follows:

A set ¥ of elements x is said to constitute a linear topological space pro-
vided it is linear(®) (Banach [1, p. 26]) and provided it contains a family U
of subsets such that

(1) 6€V for every VEU.

(2) xE€V for every VED implies x =8.

(3) Vi, V€7D implies the existence of V3;EU such that(*) VsC Vi V..

(4) VEU implies the existence of V' &V such that(®) V'4+V'CV.

I l(5) VEDU implies the existence of V'EU such that(t) aV'CV for all
al =1.

(6) x&% and VEU imply the existence of a such that xEa V.

Also, ¥ is said to be convex provided

(7) VEUimplies V4+VC2V.

(3) Scalar multipliers are assumed real. The zero element will be denoted by 6.

() The symbols C, M), \U denote, respectively, set-theoretic “included in,” “intersection”
and “union,” and will be used with their usual variations throughout the paper. A(M\CB denotes
the set of points contained in 4 but not in B.

©) i+ V.= {x1+x2|x|E 1, %€ Vz}, where {xl P} denotes the set of all elements x sub-
ject to the condition P. Similarly, aV = {ax|xE V}.
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A set G in X is defined to be opern provided, for every xEG, there ex-
ists V€U such that x4+ VCG. The interior of a set X is defined by
X:= {x|x+ VCX for some VE"U}. X is evidently open. A set is defined to
be closed if it is the complement of an open set, and the closure of a set X
is defined by X, = C((CX).). Evidently X, is closed. The above class of open
sets defines a regular Hausdorff topology in % so that the operations of addi-
tion and multiplication by a number are continuous [11, Theorem 6]. It is
known (Wehausen [16, Theorem 1]) that this topology is equivalent to that
introduced by Kolmogoroff [8, p. 29]. In all that follows ¥ will be assumed
to be a convex linear topological space as above defined. An important con-
sequence of the convexity of the space ¥ is that the closure V; of every VEU
is a convex set; that is, C,Ve = V., where C,X= {Z?=la,~x,~|x,~€X, a; =0,
St =1, n arbitrary}. This implies that Y _r_,0;Ue = (Ot ) Veu for arbi-
trary a;=0. Another important consequence of the convexity of ¥ is that
0<a<B implies a V., CBV for every V&EU. In much of the material which
follows, the assumption that ¥ is convex could be avoided ; however computa-
tion is greatly simplified by using it and some of the important theorems
(for example, Theorems 3.1, 5.5, 9.5) seem to involve it rather deeply.

It will be desirable later(®) to subject ¥ to a completeness condition which
we introduce here. It is convenient to define the condition in terms of the
Moore-Smith [10, p. 103] general limits notion on a class .L with a transi-
tive compositive relation R on L,C. A set {x;} of elements in ¥, where / ranges
over ., is called an (-directed set. {x,} is called a fundamental L-directed set
provided, for every V&, there exists Iy such that l;Rly (s=1, 2) implies
x1,—%1,E V. The space ¥ is said to be complete relative to .. provided every
fundamental .L-directed set converges (in the Moore-Smith sense) to an ele-
ment of X. We will be interested in two important specializations of this com-
pleteness notion, for example, the case where . is the set of positive integers
and R is the usual order relation “>,” which gives the ordinary sequential
completeness, and the case where .L is the family of neighborhoods U and R
is the set-theoretic “included in” (that is, V1RV, means ViC V;) (7). It is easy
to prove that, if ¥ satisfies the first countability axiom (Hausdorff [5, p. 229])
and is sequentially complete, then it is complete relative to U. It follows that,
if ¥ is a Banach space with its norm topology (that is, U is the family of
spheres with center 8), then X is complete relative to V.

2. Unconditional summability. In the following, = will always denote a
finite set of positive integérs and m; =m. will mean that m contains m,. Also,
> . will mean summation over those #&w. Two subsets X, ¥ of ¥ are said to
be equal within V provided XC Y+ Vand YCX4 V.

(6) See Theorems 8.5, 12.3 below.

(") The space X may be said to be complete provided it is complete relative to every ‘.C_ This
condition can be shown to be equivalent to simply completeness relative to T (see Graves (4,
p. 62]).
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2.1. DEFINITION. Two sequences {X.}, {X.!} of subsets of X are said to
be summably equal within V provided there exists a wo such that mw =my implies
> e Xn DX\ are equal within V.

2.2. DEFINITION. A sequence { X ,.} of subsets of X is said to be uncondition-
ally summable (we write u.s.) to a set X with respect to V provided there exists mo
such that = Zwoimplies X, Z,X » are equal within V.

Observe(?) that {X,} is u.s. to a single element x €% with respect to V
provided there exists 7y such that 7 =, implies + {Z,X n —x} C V. This spe-
cial case of the above notion of unconditional summability was used by R. S.
Phillips [12, p. 118]. Observe also that, if each of the sets X,, X consists of
only a single element, then u.s. of {X,.} to X with respect to every VEU
reduces to the ordinary unconditional convergence.

2.3. THEOREM. In order that {X.} be u.s. to X with respect to V it is both
necessary and sufficient that, for every rearrangement n(k) of the sets X ., there
exists ko for which k= ko tmplies X, ZLIX n(iy are equal within V.

The method of proof used in an analogous situation involving uncondi-
tional convergence of series in normed vector spaces can be applied with
slight modification here (see Hildebrandt [6, p. 90]).

3. Additive set functions. Let M be an abstract set of elements and I a
a-field(?) of subsets of M. Elements of I will be denoted by . Also let m (o)
be a positive, completely additive measure function defined over IN. A single-
valued function x(c) on M to the space X is said to be completely additive if for
every sequence {a"} of disjoint elements of I, the series Y_x(c,) is uncondi-
tionally convergent to x(Uc,). x(0) is said to be absolutely continuous relative
to m(c) provided, for every VE D, there exists &y >0 such that x(¢) € V when-
ever m(o) < dy.

3.1. TuEOREM(). If x(0) is completely additive on M to X and if m(c) =0
implies x(a) =0, then x(c) is absolutely continuous relative to m(o).

Suppose(!!) the theorem not true; then there exists a VETU and a se-
quence of elements o EIN such that lim, ., m(U;-,0r) =0 and such that(?)
||x(o)]lv>2 for each k. Now, by a result of Wehausen [16, Theorem 8],
there ‘exists a linear continuous operation & on ¥ to the real numbers such
that !aﬁl(x)| §|lx||v for all x and xl(x(crl))=Hx(a'1)||v. It is obvious that

(3) Unconditional summability obviously involves a convergence notion related to the well
known Hausdorff convergence for sets in a metric space [5, §28].

(°) The o-field M has the following properties: (1) I contains the empty set; (2) if cEM,
then MM CoEM; (3) if 0,€EM (n=1, 2, - - - ), then Up=10,.EM.

(19) See Dunford [3, Theorem 42] and Kunisawa [9, pp. 68, 69].

(1) The method of proof used here was suggested to the writer by R. S. Phillips.

() ||%||v is the von Neumann pseudo-norm; that is, ||l€llv=max (=], || —=ll#), where
llllF =g.Lb. {a|a>0, xEaV} [11, pp. 18, 19].
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f(o) =#(x(c)) is a completely additive, real-valued function of ¢ such that
m(a) =0 implies f(¢) =0. Therefore, by a well known theorem (see Saks [15,
Theorem 13.2, p. 31]), f(¢) is absolutely continuous relative to m(c). It fol-
lows that there exists an 7, such that I f(U:’,,,(alf\ak))| <1 for n=mn.
Now, if we take(®) o?=aNC[U;,,(6:MNar)], it is clear that f(o1) =f(o})
+ f(Ug (01 N o). But f(o1) = &:(x(a1)) = ||x(ed]]y > 2; therefore, f(o?)
=&(x(9)) > 1. Since |£(x(0)| =||%(@d)||v, we have [[x(a?)||lv >1. Moreover,
N, =0 for all n=n,. Repeating the above procedure on the sequence
Ony Onpe1, + - + ONe obtains a 63Ca,, and an 7 such that 03M\e, =0 for n=n,
and ||x(e2)||lv >1. This process can be continued indefinitely to obtain a se-
quence {o,} of disjoint elements of M such that ||x(s3)||v>1 for all #. But
this result obviously contradicts the assumption that x(¢) be completely ad-
tive; therefore x(g) is absolutely continuous relative to m(s).

3.2. THEOREM. Let each of the functions x,(cs) be additive and absolutely
continuous relative to m(a). Then, if {x.(0)} is a fundamental sequence for each
g, the x,.(c) are equi-absolutely continuous relative to m ().

A proof indentical with that which gives Theorem 6.1 of the Phillips paper
[12, p. 125] applies here; so will be omitted. The method of proof is due to
Saks [14].

PArT II. THE GENERAL THEORY

4. Definitions of the V- and S U-integrals. Let I denote, as before, a
o-field of subsets of an abstract set M. A subdivision of M into a finite or de-
numerable number of disjoint elements of 9 will be denoted by A= {s},
where M =Uog; and ¢:MNa;=0 (:5%5). Al is said to be finer than A? provided,
for every a}, there exists a o7, such that o; Coj; we write A= A2 The product
of two subdivisions is a subdivision defined by A'A%2= {a}f\of}. Evidently
the product of two subdivisions is finer than either one of the subdivisions.

LetAy= {ak} be a given fixed subdivision and A* (k=1, 2, - - - ) an arbitrary
sequence of subdivisions; then the subdivision A which coincides with A* on
the set a3 (k=1, 2, - - - ) is called the sum of the A* over A,.

The functions F(¢) to be studied are multi-valued and are defined over()
M (that is, excluding the empty set) with valuesin X. Let A= {oi} be an ar-
bitrary subdivision of M ; we denote the sequence of sets {F(&f\a.-)} by the
symbol J(F, o, A).

4.1. DEFINITION. The function F(c) is said to be U-integrable over oo pro-
vided there is a set I(F, 00) CX such that, for every V&, there exists Ay, for
which A2Ay,, implies J(F, oo, A) is u.s. to I(F, o) with respect to V. The

(13) See Footnote 4 above.

(") One could develop the following theory for functions defined over only a portion of M;
however there would be a considerable loss of simplicity in the statement of definitions and theo-
rems.
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closure(*®) of the set I(F, ao) will be called the U-integral of F(a) over g, and
we write I(F, 00)c=[+,F(do). Furthermore, if [, ,F(do) consists of a single ele-
ment, then F(o) is said to be S U-integrable over .

4.2. THEOREM. If F(c) is U-integrable on o, then [, ,F(do) is unique.

Suppose F(o) U-integrable to each of the sets I (F, o), I2(F, 00). Then
it is immediate from the definition that, for every VEU, there exists a Ay,,
such that J(F, g, A) is u.s. to both I,(F, oo) and I:(F, o) with respect to V
for A=Ay,,; that is, if A= {a;} , then there exists 7y such that # 2w, implies
> +F(00N\as), I.(F, ao) are equal within V (m =1, 2). It follows immediately
from this result that I\(F, ao), I:(F, 0o) are equal within 2V. Therefore,
I(F, a0) CIi(F, 00)+2V (k=1, 2; =1, 2). Since V is arbitrary, I+(F, 7o)
glz(F, Uo)cz; hence Il‘(F, O'o)cz =I2(F, Uo)cz.

Observe that, if F(¢/MNae) =0 for every o, then F(¢) is S U-integrable on o,
to the value 6.

5. Properties of the integrals().

5.1. THEOREM. If F(o), G(o) are U-integrable on oo and « is any real num-
ber, then aF(c), F(o)+G(o) are V-integrable on oy and

j:,an(da) = aj;oF(da), j'a

If «=0, the statement for aF(g) is obvious, and, if a0, the desired re-
sult is a consequence of the fact that, if J(F, oo, 4) is u.s. to I(F, o) with
respect to V, then J(aF, 0y, A) is u.s. to al(F, o,) with respect to a V.

In the case of F(¢)+G(c), we observe that, for arbitrary VEU, there
exists a Ay,, such that, if A 2Ay,,, then J(F, oo, 4), J(G, a0, A) are, respec-
tively, u.s. to [,,F(da), [,,G(do) with respect to V. From this it is immediate
that J(F+G, 04, A) is u.s. to [,,F(do)+ [,,G(do) with respect to 2V. Since V
is arbitrary, the desired result follows.

F(do) + G(do) = |:j:, F(do) +-»£°G(d0)]c[

5.2. CorOLLARY. If F(o), G(c) are S U-integrable on oo, then

jlan(da) = aj;oF(do), jloF(da) + G(do) = j:,oF(da) +j:oG(da)'

5.3. THEOREM. If F(o) is U-integrable on both a1, o2 and if a1MNa2=0, then
F(o) is U-integrable on a\Jo: and

(%) The closure of a set X is denoted by X.. It can be shown (see [11]) that
Xa=N(X+7V) for Ve V. Observe that, if F(e¢) is U-integrable to I(F, ao), then it is also U
integrable to I(F, o).

(1) The theorems of this section will be stated for the U-integral and are, of course, true
for the S U-integral. In case the results for the S U-integral are stronger, we state them as cor-
ollaries.
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ﬁ Fa) = [ f F@o) + f zF(da)]d.

5.4. CorROLLARY. If F(g) is S U-integrable .on both a1, o2 and if e1Ma2=0,
then F(a) is S U-integrable on a\Jo; and

f, P = f P + f F@o)

5.5. THEOREM. The U-integral is a completely additive function of o in the
sense that, if F(c) is U-integrable on each ¢* (k=0,1, 2, - - - ), where ¢*=Uc*
and o™Mo"*=0 (m=n; m, n#0), then {f,kF(da)} (k=1,2,---) 145 us. to
S F(do) with respect to every VE V.

There is no loss in taking ¢°= M. Since the integral exists for each o*
there exists A} such that, if A=A}, J(F, o*, A) is u.s. to [+ F(do) with respect
to 2=*1V (k=0, 1, 2, - - - ). Denote by A; the sum of the A% (£=1,2, - - -)
over the subdivision {a'"} (see §4 above) and set Ag=A;A%. Evidently on the
set o* the subdivision A, is finer than the subdivision A}. Therefore J(F, a%, A,)
is u.s. to [+ F(do) with respect to 2=%=1V. If Ag= {o,}, then there exists 7o
such that 7 =m, implies the equality of Y_,F(a:), [uF(do) within V/2. Set
#y =max {n[u”ﬂU,oa;#O} ; then, for an arbitrary (but fixed) »=ny, there
exists a m, such that m, =g, 1Em,, I>n imply ¢'MNe; =0 and

> et N ) C f F(do) + 2-+17, f Fdn) C TPt N o) + 27,

iErn RS ™
for k=0,1, 2, - - -, n. It is obvious that (%7)
2 2 F(e*Ne) = 3 F(a);
k=1 i€ xn xn
therefore,

Z F(e;) C E F(da) N> F(da) C ZF(a.) + V/z

k=1 k=1
Now, since 7, =7 we have immediately that
> [ rn) C [ Fao +7, Fdo) C 3. P +7,
k=1¢ ok : M M k=1

where #n=ny is arbitrary. This argument does not depend on the order in
which the sets o* are taken; therefore the desired result follows from Theo-
rem 2.3.

(17) It is understood that terms for which ¢*/\e; =0 are omitted.
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5.6. COROLLARY. The S U-integral is completely additive in the ordinary
sense.
The proofs of the next two theorems are not difficult and will be omitted.

5.7. THEOREM. Any function F(c) defined over MM which is completely addi-
tive in the sense of Theorem 5.5 is U-integrable on every o and F(¢)a=[,F(do).

5.8. THEOREM. If F(a), G(c) are U-integrable on ooand if there exists Ao such
that { o;} =A=A, implies the existence of wa such that, for w Zwa, it is true that

ZG(O’of\a;) C ZF(ooﬂ c)+ 7V,

J: Glan) [ f Fao) + V:ld.

5.9. CoroLLARY. If F(g), G(o) satisfy the conditions of Theorem 5.8 and
if in addition F(c) is S U-integrable, then [,,G(do) — [,,F(do) C V...

5.10. THEOREM. If F(a) is U-integrable on o, then so also is F(¢). and to
the same value.

then

For every V&, there exists Ay such that, if {ai} =A=Ay, then there
exists ma for which 7 =, implies the equality of [,,F(da),Y_.F(ae\a;) within
V. Since F(o¢)aC F(o)+ V' for arbitrary V'EU and o, it follows that
>+ F(0oN0:)ea CY_-F(aoMas)+ V. Therefore [,,F(do), Y «F(doN\d:). are equal
within 2V. Since V is arbitrary, the desired result follows by definition.

5.11. THEOREM. If F(0), G(o) are U-integrable on oo and if, for every c Ca,,
G(0) S F(0)e1, then [,,G(do) Z [,,F(do).

In the present case the conditions of Theorem 5.8 hold for every VEU;

therefore
G(do F(do V/2 F(do 14
f”< )g[fn< )+ /]cch,.,( )+

for every VEQ. Since [,,F(do) is closed, [,,G(do) Z [.,F(do).

5.12. CorOLLARY. If F(c) is S U-integrable on o, and if, for 0 Say, G(o)
C F(0) 1, then G(a) is S U-integrable on oo and [,,G(do) = [, F(do).

6. Differential equivalence. The results of this section parallel similar re-
sults obtained by Kolmogoroff for the case of X the real numbers. The follow-
ing definition of differential equivalence is a direct generalization of the Kol-
mogoroff definition [7, p. 666].

6.1. DEFINITION. The functions F(o), G(o) are said to be differentially
equivalent (we write d.e.) on the set o, provided for every VEU, there exists a
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Ay such that, if A=Ay, then J(F, a4, A), J(G, 0o, A) are summably equal within
V. (See Definition 2.1 above.)

6.2. THEOREM. If F(0), G(o) are d.e. on o, then the U-integrability of either
function on oo implies the U-integrability of the other and to the same value.

Suppose F(o) U-integrable on ¢y. Evidently, for every V&, there exists
Ay such that A=Ay implies that J(F, o, A) is u.s. to [,,F(de) with respect to
V and that J(F, oy, A), J(G, 04, A) are summably equal within V. From this
it follows that J(G, gy, A) is u.s. to [,,F(do) with respect to 2V for A=Ay.
Since V is arbitrary G(¢) is U-integrable to [,,F(ds) by definition.

6.3. THEOREM. If F(g), G(o) are V-integrable on o, to the same value, then
they are d.e. on a,.

6.4. COROLLARY. If F(o) is U-integrable on every oy, then F(a) and
JoF(do) are d.e. on a,.

In view of the preceding results, one can characterize the (indefinite)
U-integral in terms of differential equivalence.

6.5. THEOREM. In order that a function I(c) be the (indefinite) U-integral
of a given function F(g), it is both necessary and sufficient that it be closed (that
is, I(0) =1(0)c1), completely additive in the sense of Theorem 5.5 and d.e. to
F(c) on each o.

6.6. COROLLARY. In order that a single-valued function I(a) be the (indefi-
nite) S V-integral of a given function F(a), it is both necessary and sufficient that
1t be completely additive in the ordinary sense and d.e. to F(a) on each o.

7. Transformation of an integrable function. We now introduce a general
type of linear transformation 7(X) defined on subsets of ¥ and whose values
are sets in a similar space 9). The topology on 9 will be given by the system
of sets U individual elements of which will be denoted by U. T(X) will be
subject to the following three conditions:

(1) X1CX2 1mplles T(Xl)CT(Xz).

(2) T(X) is linear, that is, T(aaX1+aeX2) =anT(X1) + e T(X2).

(3) T(X) is continuous in the sense that UE& U implies the existence of a
VvEUsuch that T(Vy) CU.

The class of transformations described above contains as a special case
the ordinary linear continuous point transformations T'(x) on ¥ to 9, where
T(X)= {T(x)]xEX } It also contains the operation of forming the convex
C.X of a set X and the operation of forming the “generalized convex” C*(X)
of a set using the bounded generalized convex operators of G. B. Price [13,
p. 7]. Observe that in these last two instances ¥ =9) and the transformations
have the additional property of leaving individual points invariant.
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7.1. THEOREM. If F(a) is U-integrable on o, then the function T(F(c)) is
U-integrable on oo and [,,T(F(da)) =T [[.,F(do) ]

Since T(X) is continuous, for arbitrary U& U there exists Vy&EU such
that T(Vy) CU. Also, since F(o) is U-integrable on o, there exists Ay such
that, if {a,-} =A=Ay, then there exists ma for which 7w =m, implies

> FlaoMNai) C f F(do) + Vu, f F(do) C X F(ooMN ai) + Vu.

Application of T to these relations and use of (1), (2) give

; T(F(eoN ai)) C T[ f F(do):l + U,

o

T[ f oF(da):l C Z T(F(oo M es)) + U.

Therefore J(T(F), 00, 4) is u.s. to T[[,,F(ds) ] with respect to U, which com-
pletes the proof.

7.2. CorOLLARY. If F(o) is S U-integrable on oo, then('®) T(F(c)) is § U-
integrable on oo and [,,F(T(do)) =T |[[.F(do)].

7.3. COROLLARY. If ¥=9) and single elements are invariant under T, then
S U-integrability of F(a) implies that of T(F(c)) and to the same value; that s,
JooT(F(do)) = [+,F(do).

8. The S U-integral in a complete space. It will be recalled that the defini-
tion of the V- and S U-integrals (Definition 4.1) involves an assumption con-
cerning the existence of the value of the integral in the space. This is, in part,
necessitated by a lack of completeness in the space ¥. It is the purpose of this
section to show that the existence assumption can be dropped in the case of
the § U-integral provided the space ¥ is complete relative to U (see §1 above).

8.1. DEFINITION. The function F(c) is said to be conditionally S U-integra-
ble on o if, for every VEU, there exists a Ay, so that {0'1 } =AiZAy,, implies
the existence of independent w(A7) (j=1, 2) for which it is true that Y. F(aoM\a})
—> 2, F(0oNa?) C V whenever m;2w(A7) (j=1, 2).

8.2. THEOREM. If F(o) is S U-integrable on oo, then F(o) is conditionally
S U-integrable on oo.

8.3. THEOREM. If % is complete relative to U and F(o) is conditionally
S U-integrable on o, then F(o) is S U-integrable on .

(18) Observe that the continuity of T(X) implies that single elements are carried into single
elements; that is, 7(X) induces a linear continuous point transformation on % to ).
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Let Ay,,= {ow} be the subdivision and 7(Ay,,) = the associated set of
positive integers given by Definition 8.1. Denote by xy a particular one of the
elements in the set E,",F(crof\o'.v); then, by Definition 8.1, J(F, o9, A) is u.s.
to xy with respect to V for every A = Ay,,. We now prove that {xv} is a funda-
mental U-directed set. '

Let VEU be arbitrary and consider any pair of elements V3, V,&U such
that V;CV/2 (i=1, 2). For A=Ay, ,Av,,, we have that J(F, ao, A) is u.s. to
xv, with respect to Vi and to xy, with respect to Va. It follows directly from
this result that xy, —xv,E Vi+ VoC V and, hence, that {xv} is a fundamental
U-directed set. Let x4 be the limit of this set. It remains to show that F(o) is
S U-integrable on ¢y to the value x,.

For arbitrary VEU first chose Vo,CV/2 such that V'CV, implies
+ {xv,—x0} EV/2 and then choose Ay,,, according to Definition 8.1. Then,
if A2 Av,oq, J(F, 00, A) is u.s. to xy, with respect to Vo. But + {xy,—x0} EV/2;
therefore J(F, 0o, A) is u.s. to xo with respect to V; that is, F(¢) isS U-integra-
ble on gy to the value x,.

The proof of the following lemma, though not difficult, is somewhat long;
so will be omitted.

8.4. LEMMA. Conditional S U-integrability on M implies conditional S V-
integrability on every o.

Combining Lémma 8.4 with Theorem 8.3 we have

8.5. THEOREM(Y). If % s complefe relative to U and F(o) is conditionally
S UV-integrable on M, then F(g) is S U-integrable on every o.

9. A convergence theorem for the S U-integral. We consider only the
S U-integral in this section and restrict attention to integrable functions F(s)
for which [,F(ds) is absolutely continuous relative to a given, positive, com-
pletely additive measure function m(¢). In view of Theorem 3.1, we could
replace the above restriction by the stronger condition that m(s) =0 imply
F(o)=6.

The following definition gives a generalization of the notion of approxi-
mate convergence(?®) to functions F(c) of the type being considered here. It
is also a generalization of a much stronger type of convergence used by Kol-
mogoroff [7, p. 665].

9.1. DEFINITION. A sequence of functions { F.(c)} is said to converge ap-
proximately to F(a) relative to m(o) provided, for every integer n and V&,
there exists a o(n, V)EM and a subdivision A,y such that, for each V,

(%) Compare with Phillips’ Theorem 4.1 [12, p. 122]. Observe that “completeness with
respect to D” used by Phillips implies completeness relative to U (they are, in fact, equivalent;

see Footnote 7).
(29) See Definition 12.3 and Theorem 12.4 below.
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lim,., m(o(n, V))=0 and, for AZA,y, it is true that J(F,, o, A), J(F, o, 4)
are summably equal within V for every s T MM Ca(n, V).

Observe that, if A={¢;} and J(F., o, A), J(F, ¢, A) are summably
equal within V for arbitrary e SMNCo(n, V), then J(F,, odMNU.0; 4),
J(F, oN\U,0;, A) are summably equal within V for arbitrary = and
cCMNCo(n, V). It follows immediately that Y, F.(cMNc), > «F(eNo;) are
equal within V for arbitrary # and ¢ &S MNCo(n, V). We thus obtain a re-
sult which is somewhat stronger than summable equality.

The proof of the next theorem will be omitted, since it is essentially con-
tained in the first part of the proof of Theorem 9.5 below.

9.2. THEOREM. Let F,(0) be S U-integrable on every o and let [,F,(do) be
absolutely continuous relative to m(s) (n=0,1, 2, - - - ). Then, if F,(o) converges
approximately to Fo(a) relative to m(a), the following are equivalent :

(i) limp.y [oFu(do) =[,Fo(do) uniformly in a.

(ii) [oFa(do) are equi-absolutely continuous relative to m(c).

9.3. DEFINITION. The function F(c) is said to-be S U-integrable uniformly
in ¢ provided F(c) is S U-integrable on every o and, for each VEU, there exists
Ay independent of o such that, if A=Ay, then J(F, o, A) is u.s. to [,F(do) with
respect to V uniformly in o.

9.4. LEMMA. Let F(o) be S U-integrable uniformly in o and let oo be such
that + [, F(do) EV for all a. Then there exists Ay such that {a;} =AZAy im-
plies + . F(aoMN\as) C2V for arbitrary 7'.

From the definition of uniform § U-integrability, there exists Ay such that
{a;} =A=Ay implies that J(F, o, A) is u.s. to f,F(do) with respect to V uni-
formly in o, that is, there exists 7, independent of ¢ such that, if ¥ =,

(1) i{ S FeNa) - j;F(da)} cv.

Now let 7’ be arbitrary and set ¢ =0¢"\(U,0;), 7=7"Umra in (1). Since
+ [onsoF(do) €V for all o, this completes the proof.

9.5. THEOREM. Let %X be sequentially complete, F.(o) S U-integrable uni-
formly in o, and [,F.(do) absolutely continuous relative to m(o) (n=1,2, - - - ).
Then, if { F,(0) } converges approximately to F(c) relative to m(c), the following
are equivalent: '

(i) F(o) isS U-integrable uniformly in ¢ and lim, .., [,F.(do) = [, F(do) uni-
formly in o.

(ii) limg., [oFa(do) exists for every o.

(iii) [, Fs(do) are equi-absolutely continuous relative to m(c).

That (i) implies (ii) is trivial and (ii) implies (iii) by Theorem 3.2. We
prove that (iii) implies (i).
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Let V€D be arbitrary and set om,=0a(m, V)Ua(n, V), where o(m, V),
o(n, V) are given by Definition 9.1. If A 2A,.v-A,v, where Ay, A,v are given
by Definition 9.1, and if 6 ©C MN\Comn, then J(Fu, o, A), J(F,, 0, A) are each
summably equal to J(F, o, A) within V. It follows that J(Fn, 0,A), J(Fa., 0, A)
are summably equal within 2V. Now an application of Corollary 5.9 gives

f Fon(do) — f Fo(do) € (2V)a C 3V.
oNCopp oNCopp

This holds for arbitrary ¢ and all m, . Using (iii) ,we obtain #y such that
m, nZny implies * [4n,,,,Fi(de) EV for arbitrary ¢ and all k. Therefore, if
m, =Ny,

fF,,.(da) - fF,,(da) €3V +2v Cov,

where ¢ is arbitrary and ny obviously does not depend on ¢. It follows that
{ [+Fa(do) } is a fundamental sequence uniformly in ¢. Since ¥ is sequentially
complete, there exists I(¢c) €X such that lim,., [,F.(do)=1(s) uniformly
in ¢. It remains to show that F(s) is S U-integrable uniformly in ¢ to the
value I(7).

Let V& be arbitrary and select a subsequence of the F,(c), which we
continue to denote by {F,.(a) }, having the following two properties:

(@) +{/[.Fi(do)—I(c)} €22V for all o.

(b) There exist 7, EM such that(?) m(r,) <8(2-"*V), 7, D7n41, and also
there exist A,y such that A=A,y implies J(F,, a,A), J(F, ¢, A) are summably
equal within +2-"=2V for all e C MNCr,.

Set 69=MNCriand 62=7, 3N\ Cr, for n =2, and consider the subdivision
Ad= {a?} . Since m(aMa3) < 8(2="2V) (for n = 2), it follows that + [,n.3Fa(do)
€23V for arbitrary o. Hence, by Lemma 9.4, there exists A® =A%,y such
that {o;} =A=A"implies

+ S F(eNanNa) C V2",
for arbitrary 7/, ¢ and #=2. Out of property (b) and the remark following

Definition 9.1, it follows that Y . F.(eMNa2M\as), D« F(eMNadMo;) are equal
within +2-7"2V and, hence, that

+ > F(e N a:f\ a;) C V/2n+l.

This result holds for arbitrary n=2,0, 7" and {o:} =AZA"
Now define A! such that A=At implies J(F, g, A) u.s. to [,Fi(do) with re-
spect to 2~*V uniformly in o, and let Ay be the sum of the subdivisions A®

(2) 5(eV)>0 is chosen so that, if m(c) <a(eV), then +[,Fi(do)EeV for all k.
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(n=1, 2, - - - ) over the subdivision A° (see §4 above). For {a;} =AZ=Ay and
arbitrary 7', o, we have

2 + ZF(ar\ nNao) =+ Z SFeNanNe)C Z V2" C vy,
n=2 x’ n=2
where N, is the largest n for which ¢9"\(U,a;) 0.

If A=Ay, then J(Fy, eNdl, A) is u.s. to [, Fi(do) with respect to 274V
uniformly in ¢. Moreover, since m(r1) <8(2-5V), it follows that + [.,n., Fi(do)
€25V and, hence, that J(Fy, Na}, A) is u.s. to [, Fi(ds) with respect to 273V
uniformly in o. Applying (a), we obtain J(Fi, ¢Ma?, A) u.s. to I(s) with re-
spect to V/2 and, applying (b) again, we have J(F, ¢N\d?}, A) u.s. to I(o) with
respect to V/2 uniformly in o. From this last result and (2) it follows that
J(F, o, A) is u.s. to I(o) with respect to V uniformly in ¢, which completes
the proof of Theorem 9.5.

PART III. INTEGRATION WITH RESPECT TO A “BILINEAR” FUNCTION (%2)

10. The Up-integral. Let X, as usual, be a convex linear topological space
and let 9 be simply a linear space. We introduce a “bilinear” function B[y, o]
subject to the following four conditions:

B1. For every yE9 and(®) e EM, Bly, o] is a unique element of X.

B2. Bly, o] is linear (not necessarily continuous) in y for each o; that is,
B [a1y1+a2y2, 0’] =B [yl, 0’] +a2B [yz, 0’].

B3. For each y, Bly, a] is a completely additive function of .

B4. There exists a real number 8=1 such that(*)

S B[V 0] CV implies Y. Y. B[V, 0i] C 8V,
=1 =1 j=1
where V;C9, 0.Na;=0 (i27), o:=U a}, ciNat =0 (j=Fk).

The functions y(¢) to be considered in this part will be multi-valued and
defined on M to Y. They will be subject without exception to the restriction
that ¢:Co shall imply y(e1) Cy(02). Such functions are described as contrac-
tive(®). If A={o;} is an arbitrary subdivision, the sequence of sets
{B[y(eMas), dMa;]} will be denoted by the symbol Jz(y, o, A).

10.1. DEFINITION. y(0o) s said to be Ug-integrable on o, provided there
exists an element Ig(y, 0o) EX such that, for every VE, there exists a A, for
which Jp(y, 0o, Do) is u.s. to Is(y, o) with respect to V. Ig(y, o) is the value
of the integral and we write Ix(y, 0o) = [+,Bly, do].

(22) The general idea of considering integration with respect to a “bilinear” function was
suggested by T. H. Hildebrandt. This paper represents a development from that idea.

(23) See Footnote 14 above.

() If ¥ C9), then B[Y, ¢]={B[y, ¢]|yE V}.

(25) Observe that, if y(¢) is a point function, the associated set function y(¢) = {y(?)|tE s}
is contractive.
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Observe that this definition is weaker in form than Definition 4.1, be-
cause the assumption here is that Jz(y, o, A) be u.s. to Ig(y, o) only for
A=A,y rather than A=A, . The weakening of the definition of integrability
is balanced by the conditions on B[y, ¢]. Definition 10.1 is essentially that
used by R. S. Phillips [12, p. 118] and the integral obtained here will be seen
to reduce to his as a special case (Theorem 15.3).

10.2. LEMMA. Let Y:C9, 0:iNaj=0 (i5]), o:=U2 10, diNaf=0 (j=Ek);
then

+ {x+ Zm:B[Y;, a,—]} cv

=1

implies the existence of a wo independent of x such that, if w:=m,,

+ {x+ S 3 B[y, aif]} C 48V.

i=1 ;€=
We have immediately that
Y B[Y:— ¥i, 0] C2V;
=1

hence, by condition B4,

i{z BlY. - ¥, a.]+B[ — Y. U a]} C 267,

i=1 je 5 i¢w;

where the 7; are completely arbitrary. This can be written in the form

5 L Bl + 5 5|7 U a.] -3 ¥ Blv, 4]

(1) =1 ] i =1 i¢r; =1 J'E‘l'.‘
- ZB[Y,, u cr:ICZﬂV.
=1 ¢
This gives ’
{Z > B[V o] + ZB[Y., U a.] - 3 B[y, a;]} C 26V.
=1 ;€& LN i=1 i¢x; =1

It follows by the hypothesis of the lemma that
(2 * {x-i-z >, B[y, tr.] + ZB[Y., U 6.]} C28V+V.
=1 jC€xg ’ i¢x;

Now let y; be some particular element of ¥;; then from condition B3 it is
evident that there exists a 7y such that w; =, implies

©) + iB{y.-, u ai} ev.

=1 i¢x;
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Relations (2) and (3) together give
+ {x+Z 2 B[y, ai?]} C28V+V+VC4gV,
i=1 jEx;
which completes the proof.

10.3. LEmMA. If Jp(y, o, Ao) ts u.s. to Ig(y, o) with respect to V, then
Je(y, 0, A) is u.s. to Is(y, 0) with respect to 1BV for all A=A,.

There is no loss in taking o =M. Let A= {a;} ; then by hypothesis there
exists 7o such that w =, gives

(1) + { > Bly(a3), o:] — Is(y, M)} cv

Consider {al} =A=A,, where a;=U,2,0). By Lemma 10.2 there exists ¢
such that 7; 2w implies

@ {Z ZBMmJJ—m%m}cwm

i€ 701 x4

Now let vy denote those integer pairs (¢, j) for which 1€y and jEn{J, and
consnder any finite set of integer pairs v which contains »,; that is, ¥ 2 »y. Set
v =1{(, J)I @, ) Ev, 1,€7ro} and v/ = {(z J)I (3, §) Ev, igmo}. It follows from
(2) that

® + { = Blyeh, ol] - 1o, 30} C 487,

Moreover, from (1) we have

4) + Z; Bly(es), o:] C 2V,

for arbitrary o’ such that #’Mmwe=0. Because of the arbitrary character of =’
in (4),.we can write

(5) + Z Bly(e) U 8, 0] C 2V.

Now let 7’ = {'z] @z, 7)) Ev'’ for somej}, = {j] (, 7) G'V”} and apply B4 to
(5) to obtain :

{§meuod+z[}mua£ﬁﬁcmu

From this it follows that

(6 + 3 Bly(od), oi] C 26V.

pre
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Combining (3) and (6) we obtain -

+ { 3 Bly(ed), oi] — In(y, M)} C 48V + 28V C 78V,

As a consequence of Lemma 10.3 we have

10.4. THEOREM. Ug-integrability of y(o) is equivalent to S U-integrability of
F(s)=B[y(s), o].

Investigation of the form in which the basic properties of the S U-integral
appear in the special case of the Ug-integral will be left to the reader.

The following lemma is in preparation for the proof that Ug-integrability
of y(o) for every o implies § U-integrability of F(¢) uniformly in o.

10.5. LEMMA. If for a given A= {a.} there exists ma such that mw;=wa
(=1, 2) implies

1 2 Bly(e), ;] — 2° Bly(ed), 0:] C V,

" then for arbitrary o and w;=ws (1=1, 2)

S BlyeN e, e N o] — X BlyeN sy, e N as] C48V.

1 LE]
Taking 7, =m2=ma, we obtain from (1)

2 Bly(e) — y(ed), a:] C V.

A

An application of B4 gives
2 {Bly(@) — (e, s N a:] — Bly(ed) — 3(es), 0: N Ca]} C BV.

A
Since 0E€y(v:) —y(0:), it follows that
2) ,ZB[y(a'f\d;),af\a;]—ZB[y (M a3), s N a;] CBV.

fA -
Again from (1) we have for arbitrary #'N\wy =0
* Z Bly(e:), ] C V,
which, because of the arbitrary chaxlacter of 7/, implies (as in the proof of
Lemma 10.3)
+ Z Bly(e N ay), s M a;] CTBV.
Combining this last result with (2) completes the proof of the lemma.

10.6. THEOREM. Ug-integrability of y(c) on every o is equivalent to S U-inte-
grability of F(c) =B[y(c), o] uniformly in .
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Because of Theorem 10.4, for every VEU there exists Ay suc¢h that, if
{o:} =A = Ay, then there exists 74 for which 7 27, implies

= { 2800, ol - [ Bl aol} V2

Therefore, if m;2m (i=1, 2),

Z B[y(ai)’ 0’,‘] - Z B[y(o'i)r o'i] C V.
L8 T
From Lemma 10.5 it follows that

1 =+ { > BlyleNa), e MNai] — > Bly(eNa), e N o';]} C 48V
L1 T2

for arbitrary ¢ and m;=ma (¢=1, 2). Now, for a particular ¢ choose A,r such

that A’ ZA.v implies Js(y, o, A’) u.s. to [,B[y, do] with respect to V. Let

{a{ } =A’=AA,v, then it follows that there exists ma- such that, if 7/ =ma,

) + {;,B[y(of\a{),af\o!] —LBl% d“]} cv

Now in (1) choose m2=ms such that Usxao! CU,,0: Then, since A’ZA, we
can apply Lemma 10.2 to (1) and obtain the existence of a w3 =ma- such that

+ {ZB[y(af\ o), ¢ M ;] - > Bly(eNeal),eN 0,-']} C 16p2V.

L3 T2

This result with (2) yields
+ { S Blye N o), o N ai] — fB[y, da]} C 188,

for arbitrary m =ma. Since ma does not depend on ¢, the proof is complete.

11. The Usp-integral in a complete space. It has already been observed
that the definition of the Upg-integral is weaker in form than the definition
of the § U-integral. Similarly, conditional Ug-integrability can be defined in a
weaker form than conditional § U-integrability.

11.1. DEFINITION. y(0) is said to be conditionally Ug-integrable on o4 pro-
vided for every VEU there exists A, v = {a.-} and .y such that, if wi=w. v
(=1, 2), then

Z Bly(co N 03), 6o M 0:] — Z Bly(eo N a3), so N o] CV.
1 2

The following theorem follows easily from Lemma 10.2..

11.2. THEOREM. Conditional Ug-integrability of y(o) is equivalent to condi-
tional § U-integrability of F(s)=B][y(s), o].
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Out of Theorems 11.2 and 8.5 we obtain

11.3. THEOREM. If % is cor'nplete‘relative to U and y(o) is conditionally
Usg-integrable on M, then y(a) is Up-integrable on every o.

12. Absolute continuity and a convergence theorem for the Ujp-integral.
In this section we assume given a positive completely additive measure func-
tion m(s) defined over MM such that m(c) =0 implies B[y, ¢]=0 for every
yE9. We have immediately that m(s) =0 implies [,B [y, do] =0, where y()
is arbitrary. This remark plus Theorem 10.4, Corollary 5. 6 and Theorem 3.1
enables us to state

12.1. THEOREM. If y(c) is Up-integrable on every o, then [,B[y, do] is com-
pletely additive and absolutely continuous relative to m(o).

Throughout this and the following section we assume a topology(%*) on
the space ) given by the system of neighborhoods U individual elements of
which will be denoted by U. Also B[y, o] will be subject to the following con-
dition in addition to B1-B4.

BS. Bly, M] is continuous on 9 to X; that is, for every VEQ there exists
Uy E U such that B[Uy, M]CV.

12.2. THEOREM. If By, o] satisfies B1-BS5, then Bly, o] is continuous for
each o and uniformly ino.

Let VEU and choose Uy such that B[Uy, M]C V/B. Applying B4 we get
B[ Uy, ¢]+B[Uy, MNCa]C V, where ¢ is arbitrary. Since 6 € Uy, we have
B[Uy, ¢]C V. But Uy does not depend on o; hence By, o] is continuous uni-
formly in .

12.3. DEeFINITION. The sequence of functions { Yal0) } s said to converge ap-
proximately(¥") to y(o) relative to m(c) provided, for every n, U, there exists
o(n, U) EM such thatlim, ., m(a(n, U)) =0 for eack U and fore & MM\ Ca(n, U)
it is true that the sets y,.(c), y(o) are equal within U. ’

12.4. THEOREM. If y,.(0) converges approximately to y(o)according to Defini-
tion 12.3, then Fo(0) = B[ya(0), o] converges approximately to F(o) =B[y(), o]
according to Definition 9.1.

Given VEU, because of Theorem 12.2 we can choose Uy such that
B[Uy,a]CV/Bforeverya. It follows immediately from B4 that) 7 .B[Uy, 0]
C V for arbitrary disjoint ¢;. Now, if 6; S MNCo(n, Uy), then

yn(0s) C y(os) + Uv.
Applying B[y, ;] to this relation and adding, we obtain

() 9 is not necessarily assumed to be convex.
(27) This definition is a generalization of the one used by Phillips [12 p. 125].
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> Blyn(ed, 0] C 35 Blo(od, o] + 7.

i=1 i=1

In a similar manner we obtain

Z B[y(ai)r 6,‘] C Z B[yﬂ(di)v ai] + V.
t=1 =1 )
It follows from these relations that J(y., o, A), Js(y, ¢, A) are summably
equal within V for every A and ¢ C MM\ Co(n, Uy). Since lim, ., m(a(n, Uy))
=0, the proof is complete.
Collecting the results of Theorems 10.6, 12.4, 9.5, we can state

12.5. THEOREM. Let X be sequentially complete, yn(a) be Up-integrable on
eacho (n=1,2, - - -), and y.(0) converge approximately to y(c). Then the fol-
lowing are equivalent:

(i) y(o) is Up-integrable on each ¢ and lim, ., [+B[ya, do]=[.B[y, do] uni-
formly in o.

(ii) 1iMpaw [oB[Ya, do] exists for each o.

(iii) [oB [y, do] are equi-absolutely continuous relative to m(a).

13. Measurable functions. An existence theorem for the Up-integral. The
following definition of measurability for functions y(¢) of the type being con-
sidered here is a generalization of a definition given by Price [13, p. 25] for
single-valued point functions with values in a Banach space. We are inter-
ested here only in generalizing Theorem (16.1) of [13] to the Up-integral,
where B[y, o] is subject to all of the five conditions B1-BS.

13.1. DEFINITION. The function y(c) is said to be measurable (M) on the set
ao provided, for every set V dense in y(co), yEY and UE U implies the existence
of oyu EM such that y(o,v) Cy+ U and such that 0o= U,erow.

The next definition gives a generalization of a familiar condition fre-
quently imposed on Lebesgue measurable functions to insure the existence of
a finite Lebesgue integral.

13.2. DEFINITION. The function y(o) is said to be B-summable provided, for
every VEU, there exists Ay such that, if {a;} =AZ=Ay, then there exists wa for
which TMwa =0 implies +_.B[y(:), o] CV.

Observe that, if y(o) is B-summable, then Jp(y, M, A) is u.s. to
Z,AB [y(e:), :] with respect to V for A=Ay. Also it can be proved that
y(o) is B-summable if there exists Ay with the property that, for each A =2Ay,
there is a bounded () set I, such that Jg(y, M, A) is u.s. to I, with respect
to V. ‘ e .

(28) A set X CX is said to be bounded provided, for every V& Q), there exists a >0 such that
XCaV[11]. ' ' '
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A function y(o) is said to be separable provided the set y(M) is separable.
Almost separable (B) will mean that there exists a set ¢y of B-measure zero
(that is(®), B[y, a¢] =0 for every y&€9) such that y(MMNCo,) is separable
[13, p. 25].

13.3. THEOREM. Let X be complete relative to U and let y(a) be B-summable,
almost separable (B) and measurable (M) on the set MM\ Coy, where o, is the
set of B-measure zero such that y(M M\ Ca,) is separable. Then y(a) is Ug-integra-
ble on each o.

It may as well be assumed at the outset that y(¢) is separable. Also, in
view of Theorem 11.3, it will be sufficient to prove y(¢) conditionally Ug-in-

tegrable on M.
Let VEU be arbitrary and choose Uy & U so that B[ Uy, o] C V/8 for all
a. Then, for arbitrary disjoint ¢, it follows by condition B4 that

1) f‘, BlUy, ss] C V.

Since y(o) is measurable () there exists 0% €M such that y(o8) Cy.+ U’
and M=U;_,6%, where {y.} is the separating sequence for y(M) and U’'E U
is chosen so that +2U’CU. Let Ay be the subdivision given by Definition
13.2 and choose {o;} =Ay/ ZAy such that each ¢; is contained in one of the
sets 2. Observe that y(o:) —y(o;) C Uy for every 1.

Since {a; } 2 Ay, there exists 7y such that 7'Mmy =0 implies +>_,.B[y(s),
0:]C V. For arbitrary m; 27y (=1, 2) set m;=my\Jn/ where 7/ Nwy=0. Then

2 Bly(e:), o:] — 2- Bly(ay), o:]
= > Bly(e)) — y(o0), o:] + Z Bly(e:), ;] — Z Bly(sy), o:]
C Y BlUp,a:] + V+VCV+V+VCA4V,

Ty

where the next to last inclusion follows by (1). Since V is arbitrary, this com-
pletes the proof.

If condition B3 is strengthened so that B[y, ¢] is completely additive
uniformly for yE U, where U is an arbitrary element of U (we say that
Bly, o] is uniformly completely additive), then we can prove that bounded-
ness(3) of y(¢) implies B-summability and thus obtain the following theorem.

13.4. THEOREM. Let X be complete relative to U and let B[y, o] be uniformly

(%) It is easy to prove, using B1-B4, that B[y, o¢]=0 for every yE9 implies B[y, ¢]=6

for every ¢ Caoand yEY).
(39) The function ¥(0) is said to be bounded provided the set y(M) is bounded.



1942] INTEGRATION IN A TOPOLOGICAL SPACE 519

completely additive. Then, if y(o) is bounded, almost separable (B) and measur-
able (M) on the set MM\ Cay, it follows that y(a) is Ug-integrable on each a.

PART IV. RELATION TO OTHER INTEGRALS

14. The Kolmogoroff integral. The following theorem is a direct conse-
quence of definitions; therefore the proof will be omitted.

14.1. THEOREM. If X is taken to be the real numbers, then the S U-integral
includes(3!) the Kolmogoroff single-valued integral [17, p. 663].

15. Tl}e Phillips integral. Consider the special “bilinear” functions m(o)x,
where m(c) is a completely additive positive measure function over It and x
is an element of the convex linear topological space ¥.

15.1. LEMMA. Let X, YCX%, 0 =Ul_ 0., 0:MNa;=0 (¢%j). Then Y+m(s) X
C Ve, where VEV, implies Y+ 1 1m(e:) X C Ve

We have m(o,) Y+m(c)m(e:) XCm(o:) Vo (=1, - - -, n). Summing these
relations over 7 gives

E ‘m(oi)Y + m(a) Zm(o',)X C E m(o';)ch.

=1 =1 =1
But 1, ié convex; therefore D 7 ,m(0;)Va=m(c)Va. Moreover m(s) YV
CO i im(e:) Y; hence Y+ 1 m(a:) X C V., provided m(o)=0. Since the
lemma is obviously true if m(¢) =0, this completes the proof.

15.2. THEOREM. The “bilinear” function B|x, ¢|=m(c)x satisfies all of the
conditions B1-B5 (including uniform complete additivity); therefore the entire
theory of the Ug-integral applies.

All of the conditions are obviously satisfied except B4 which follows di-
rectly from Lemma 15.1. Observe that in the present case the constant of B4
can be taken as 1+4e, where ¢>0 is arbitrary.

Definition 10.1 of the Ug-integral reduces in this case to precisely the
definition used by Phillips [12, p. 118]; therefore

15.3. THEOREM. For the case B|x, 0] =m(c)x, the Us-integral reduces to the
Phillips integral.

16. The Price integral. Consider the special “bilinear” function 7(o)x,
where x is an element of a Banach space X with its norm topology of spheres
having center 6 and where 7(¢) is a linear continuous transformation of X
. into itself. 7(¢)x means the result of transforming x by 7(¢). G. B. Price has

(3t) One integral notion is said to include a second provided every function integrable ac-
cording to the second notion is also integrable according to the first and to the same value.
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defined an integral for this situation by first subjecting 7(¢) to the following
conditions(®2) [13, properties (8.1)—(8.3)].

T1. If (o) is the identically zero transformation, then ¢'Co implies that
7(c’) is also identically zero.

T2. If (o) s not the identically zero transformation, then it has a continuous
inverse T=1(c).

T3. For every sequence {a,} of disjoint elements of M, (Ua.,) =D 7(cn).
where the series is unconditionally convergent according to the norm topology in
the space of transformations.

T4. The generalized convex operator C* gemerated by (o) is bounded [13,
pp. 7-10]. The bound will be denoted by '.

16.1. THEOREM. If 7(0) satisfies T1-T4, then the “bilinear” function
Blx, o] =7(0)x satisfies conditions B1-B5 (including uniform complete addi-
tivity). Therefore the entire theory of the Up-integral applies.

All of the conditions are obviously satisfied except B4 for which we make
the following proof.

Let X;C%, 0,=U} 0}, 0:Na;=0 (:%j), aiNa;=0 (jk), and assume
Z;",,T(a'i)X sCV,, where V, is a sphere of radius 7 and center 6EX. The
thing to be proved is that(®) > 7,3 ™ 7(6) X:CB'(V.)e. In view of T1, we
can evidently assume 7(0;) not identically zeto (=1, - - -, m). For simplicity
let ul =7(o?)7=1(0;), then

3 AKX = X Y wir(e) Xe.
i=1 j=1 i=1 j=1

Moreover, since »_ji,ul=1I, where I is the identity transformation, we have
the following

m ng 7, ng Nm ji ].m m
22 mr(e)Xi C O o b (Z T(Ui)Xi)
=1 j=1 i1=1 im=1 i=1
< S @ im
CX 2w tmVn
=1 im=1 .
But {u{‘ cee pf;,"} is obviously an element of the generalized convex operator

C*; therefore 3 71D 7im(aD) X CB' (V) e
The following theorem is an easy consequence of Theorems (11.4) and
(4.11) of Price’s paper.

(®2) Condition T1 was not stated explicitly by Price but is implicit in the proof of part 6.9
of his Theorem 6.4. Also the situation discussed here is a bit more restricted than that considered |
by Price, since we require 7(s) to be defined for every e &I while Price admitted certain sets
with “infinite measure” (see Footnote 14 above).

(%) Observe that the constant 8 of condition B4 can then be taken as 8’ +e¢, where ¢>0 is
arbitrary. |
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16.2. THEOREM. If B[x, o] =7(0)x, then the Ug-integral includes the Price
integral. :

17. Open questions. Is it possible to dispense throughout with the condi-
tion that the space X be convex?

Kolmogoroff [7'] has also given a definition of a multi-valued integral for
real functions. What is the precise relationship of this Kolmogoroff integral
to the U-integral when ¥ is the real numbers?

Is the specialization of the Ug-integral which includes the Price integral
actually equivalent to it?

Is condition T4 on 7(c) equivalent, in the presence of T1-T3, to condition
B4 on Bx, g]=7(0)x?
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