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Introduction

The results of this paper center around the definition of an integration

process for multi-valued set functions which are defined over a c-field 5D? and

whose values lie in a convex linear topological space £. As such they represent

a substantial generalization of the basic results contained in a paper by

A. Kolmogoroff [7](1), who considered the case in which £ is the real numbers.

On the other hand, the method of defining the integral is a generalization of

that used by R. S. Phillips(2) [12, p. 118], although Phillips considered in-
tegration only with respect to a positive numerical measure function and

restricted the integral to be single-valued. The importance of the Phillips

definition lies in the fact that it relieves one of the necessity of considering

infinite sums. Throughout the paper is emphasized a type of convergence for

sets in a linear topological space which is analogous to the Hausdorff notion

of convergence for sets in a metric space [5, §28]. G. B. Price has made a

similar use of the Hausdorff convergence for sets [13, Parts II, V].

The contents of the paper are divided into four parts. Part I (§§1-3) con-

tains a short discussion of convex linear topological spaces, a definition of the

notion of unconditional summability, which plays a central role in the defini-

tion of the integral, and two theorems on additive set functions. Part II

(§§4-9) contains the general theory of the V- and S U-integrals. The TJ-inte-

gral is multi-valued and is defined for multi-valued set functions F(a). The

S TJ-integral is the single-valued specialization of the TJ-integral. Definitions

and basic properties of these integrals account for §§4, 5. Section 6 contains

a discussion of a generalization of the Kolmogoroff [7] notion of differential

equivalence applied to the U-integral, and §7 contains a proof that the trans-

form of an integrable function by a general type of linear transformation is

integrable. In §8 it is shown that the definition of the S U-integral can be

weakened in case 3E is complete in a certain sense. Section 9 contains a con-

vergence theorem for the S TJ-integral which involves a generalization of the

notion of approximate convergence to functions F(a) of the type considered

here. The approximate convergence is relative to a positive numerical meas-

ure function m(cr) whose only relation to the integral lies in the condition that
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C1) Numbers in brackets refer to the bibliography at the end of the paper.

(2) See also a paper by Garrett Birkhoff [2, p. Si] where the same definition used by

Phillips is given.
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the integrals of the functions considered be absolutely continuous relative

to m(a). Part III (§§10-13) is concerned with the Us-integral which is a

specialization of the S U-integral and may be described as integration with

respect to a "bilinear" function. The "bilinear" function B[y, a] is a general-

ization of m(a)y, where m{a) is a numerical measure function. It has its values

in 36 and is defined for y in a linear space $T) and a in the <7-field 9Ji\ It is linear

in y for each a and completely additive in a for each y. Functions y(cr) to be

integrated have their values in §) while the value of the integral is in 36. Sec-

tion 10 contains a definition of the U^-integral and a discussion of its funda-

mental properties. In §11 the TJ^-integral is considered for the case in which

36 is complete in the sense of §8. Section 12 contains a discussion of absolute

continuity and a convergence theorem for the Us-integral. In §13 the exist-

ence of the U^-integral is proved for a certain class of measurable functions.

Part IV (§§14-16) relates the above integrals to previously defined integrals.

For the case in which 36 is the real numbers, the S U-integral includes an in-

tegral of Kolmogoroff [7]. The U^-integral reduces in a special case to an

integral of Phillips [12], and a specialization of the Us-integral includes an

integral of Price [13]. Relation of the UB-integral to the various other in-

tegrals which have been defined can be obtained through its relation to the

Phillips integral (see [12, §7]).

Part I. Preliminary considerations

1. Convex linear topological spaces. The type of linear topological space

36 to be considered here is that introduced by J. von Neumann [11, p. 4]. It

is defined as follows:

A set 36 of elements x is said to constitute a linear topological space pro-

vided it is linear(3) (Banach [l, p. 26]) and provided it contains a family U

of subsets such that

(1) 0E V for every FEU.

(2) x E F for every FEU implies x = d.

(3) Fi, F2EU implies the existence of FiEU such that(4) F3E VXC\ F2.

(4) FEU implies the existence of F'EU such that(5) V'+V'C V.

(5) VEV implies the existence of F'GU such that(i) aV'CV for all

\a\ gl.
(6) xE36 and FEU imply the existence of a such that xE«F.

Also, 36 is said to be convex provided

(7) FEU implies V+ FC2 V.

(3) Scalar multipliers are assumed real. The zero element will be denoted by 8.

(4) The symbols E> f\ denote, respectively, set-theoretic "included in," "intersection"

and "union," and will be used with their usual variations throughout the paper. A(~\CB denotes

the set of points contained in A but not in B.

(s) Vi + V2 = {xy\-Xi I xiG V\, V2}, where {x\ P} denotes the set of all elements x sub-

ject to the condition P. Similarly, aV= {ax\xG V\.
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A set 67 in 2E is defined to be open provided, for every xEG, there ex-

ists FEU such that x+V(ZG. The interior of a set X is defined by

Xi= {x\x-t-VCZX for some FEU}. X, is evidently open. A set is defined to

be closed if it is the complement of an open set, and the closure of a set X

is defined by Xct = C{{CX)i). Evidently Xci is closed. The above class of open

sets defines a regular Hausdorff topology in X so that the operations of addi-

tion and multiplication by a number are continuous [ll, Theorem 6]. It is

known (Wehausen [16, Theorem l]) that this topology is equivalent to that

introduced by Kolmogoroff [8, p. 29]. In all that follows X will be assumed

to be a convex linear topological space as above defined. An important con-

sequence of the convexity of the space £ is that the closure Vci of every FEU

is a convex set; that is, C0Vci=Vci, where C0X— {XXi««'*«'I*iG^> «t^0,

2J&.-itanm*i, n arbitrary}. This implies that XXi^Uw = (Z"=ia>) Vci for arbi-

trary ai = 0. Another important consequence of the convexity of 3£ is that

0<a<ß implies aVci(ZßV for every FEU. In much of the material which

follows, the assumption that £ is convex could be avoided; however computa-

tion is greatly simplified by using it and some of the important theorems

(for example, Theorems 3.1, 5.5, 9.5) seem to involve it rather deeply.

It will be desirable later(6) to subject I to a completeness condition which

we introduce here. It is convenient to define the condition in terms of the

Moore-Smith [10, p. 103] general limits notion on a class £ with a transi-

tive compositive relation R on A set {xi} of elements in 3£, where / ranges

over „£, is called an J^jdirected set. \xi\ is called a fundamental ^-directed set

provided, for every FEU, there exists lv such that URlv (* = 1, 2) implies

xi,— X;2E F. The space I is said to be complete relative to £ provided every

fundamental ^-directed set converges (in the Moore-Smith sense) to an ele-

ment of X. We will be interested in two important specializations of this com-

pleteness notion, for example, the case where »£is the set of positive integers

and R is the usual order relation ">," which gives the ordinary sequential

completeness, and the case where is the family of neighborhoods U and R

is the set-theoretic "included in" (that is, V1RV2 means FiC F2)(7). It is easy

to prove that, if £ satisfies the first countability axiom (Hausdorff [5, p. 229])

and is sequentially complete, then it is complete relative to U. It follows that,

if I is a Banach space with its norm topology (that is, U is the family of

spheres with center 9), then 3E is complete relative to U.

2. Unconditional summability. In the following, tt will always denote a

finite set of positive integers and 7ti^tt2 will mean that 7Ti contains 7r2. Also,

2~2x will mean summation over those «Et- Two subsets X, Y of X are said to

be equal within V provided X(Z F+ V and FCA^+ V.

(6) See Theorems 8.5, 12.3 below.

(7) The space X may be said to be complete provided it is complete relative to every J\ This

condition can be shown to be equivalent to simply completeness relative to TJ (see Graves [4,

p. 62]).
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2.1. Definition. Two sequences {Xn}, {Xü } of subsets of I are said to

be summably equal within V provided there exists a wo such that ir=-ir0 implies

are equal within V.

2.2. Definition. A sequence {X„} of subsets of 3E is said to be uncondition-

ally summable (we write u.s.) to a set X with respect to V provided there exists 7r0

such that 7t =ir0 implies X, £,Xn are equal within V.

Observe(8) that {Xn} is u.s. to a single element xGH with respect to V

provided there exists 7r0 such that 7r — ire implies + {Z»-^» —x} (Z.V. This spe-

cial case of the above notion of unconditional summability was used by R. S.

Phillips [12, p. 118]. Observe also that, if each of the sets Xn, X consists of

only a single element, then u.s. of {Xn} to X with respect to every FGD

reduces to the ordinary unconditional convergence.

2.3. Theorem. In order that {Xn} be u.s. to X with respect to V it is both

necessary and sufficient that, for every rearrangement n(k) of the sets X„, there

exists ko for which k}zko implies X, 2=1J„(,) are equal within V.

The method of proof used in an analogous situation involving uncondi-

tional convergence of series in normed vector spaces can be applied with

slight modification here (see Hildebrandt [6, p. 90]).

3. Additive set functions. Let M be an abstract set of elements and 9Jf a

o--field(9) of subsets of M. Elements of 9JJ will be denoted by a. Also let m(a)

be a positive, completely additive measure function defined over 9J?. A single-

valued function x(a) on 2ft to the space X is said to be completely additive if for

every sequence {tr„} of disjoint elements of W, the series y.xfo-») is uncondi-

tionally convergent to x(Ucrn). x(cr) is said to be absolutely continuous relative

to m(a) provided, for every V(EV, there exists d>>0such that x(o~) £ V when-

ever m(a) < 8V.

3.1. Theorem(10). If x(a) is completely additive on Wl to 36 and if m{a) =0

implies x(a) =8, then x{o) is absolutely continuous relative to m[a).

Suppose(n) the theorem not true; then there exists a V(EV and a se-

quence of elements ctaGSDc such that lim„^M m(U"=„<rt)=0 and such that(12)

||x(o-4!)||k>2 for each k. Now, by a result of Wehausen [16, Theorem 8],

there'exists a linear continuous operation x\ on H to the real numbers such

that [ xi(x) I ==||*||y for all x and Xi(x(cri)) = ||jc((ri)||v. It is obvious that

(8) Unconditional summability obviously involves a convergence notion related to the well

known Hausdorff convergence for sets in a metric space [5, §28].

(9) The <r-field 9Ji has the following properties: (1) SfJc contains the empty set; (2) if o-£2Ji,

then MC\C<r^m; (3) if o-„e90l 2, • • • ), then U"=io-„e2K.
(10) See Dunford [3, Theorem 42] and Kunisawa [9, pp. 68, 69].

(") The method of proof used here was suggested to the writer by R. S. Phillips.

(12)        is the von Neumann pseudo-norm; that is, ||x||y = max (||x||r> II-where

|[*||^=g.l.b. {a\a>0,'xGaV} [ll,pp. 18, 19].
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f(<r) = xi(x(o~)) is a completely additive, real-valued function of a such that

m(a) =0 implies f(a) =0. Therefore, by a well known theorem (see Saks [15,

Theorem 13.2, p. 31]),/(er) is absolutely continuous relative to m(a). It fol-

lows that there exists an n\ such that \f{\J^n(<TiC\iTk)) \ <1 for n^ti\.

Now, if we take(13) <r\ = ffir\C[Ut.n^r\<Tk)], it is clear that /(<n) =/(<r?)

+ /(Ur_.1(<ri r\ <r»)). But /(<rx) = *i(*(ai)) = ||x(o?)||v > 2; therefore, /(a?)

= x1(x(<r°1))>l. Since | ^(tr?)) | g||jc(<r?)||F, we have ||x(<j?)||y > 1. Moreover,

<T°r^o-n = 0 for all n = n\. Repeating the above procedure on the sequence

<rnj, <7„1+i, • • • one obtains a ffjjCon, an<^ an W2 sucn that (rj}P,t7„ = 0 for n = n2

and ||x(o-2)||y > 1. This process can be continued indefinitely to obtain a se-

quence {cr„} of disjoint elements of 93? such that ||je(«r|j)||y >1 for all n. But

this result obviously contradicts the assumption that x(<r) be completely ad-

tive; therefore x(a) is absolutely continuous relative to m(o~).

3.2. Theorem. Let each of the functions x„(a) be additive and absolutely

continuous relative to m(a). Then, if \xn(a)} is a fundamental sequence for each

a, the xn(ff) are equi-absolutely continuous relative to m(<r).

A proof indentical with that which gives Theorem 6.1 of the Phillips paper

[12, p. 125] applies here; so will be omitted. The method of proof is due to

Saks [14].

Part II. The general theory

4. Definitions of the V- and S U-integrals. Let 93? denote, as before, a

cr-field of subsets of an abstract set M. A subdivision of M into a finite or de-

numerable number of disjoint elements of 93? will be denoted by A= {<rt },

where M = Uffi and <TiC\a3 = 0 (ir*j). A1 is said to be finer than A2 provided,

for every cr<, there exists a <rn. such that a\^o\.; we write A1 = A2. The product

of two subdivisions is a subdivision defined by A1A2= {<rJfVj}. Evidently

the product of two subdivisions is finer than either one of the subdivisions.

LetAo= {ffk} be a given fixed subdivision and A* (k = l,2, ■ ■ • ) an arbitrary

sequence of subdivisions; then the subdivision A which coincides with A* on

the set er*, (k = 1, 2, • ■ • ) is called the sum of the A* over Ao.

The functions F(<r) to be studied are multi-valued and are defined over(M)

93? (that is, excluding the empty set) with values in £. Let A = {o-<} be an ar-

bitrary subdivision of M; we denote the sequence of sets { F(o-P\<r,)} by the

symbol J{F, a, A).

4.1. Definition. The function F(cr) is said to be V-integrable over a0 pro-

vided there is a set I(F, o-0)C£ suc^ that, for every FGU, there exists Ayff0/or

which AS^Ay„0 implies J(F, o-0, A) is u.s. to I(F, cr0) with respect to V. The

(13) See Footnote 4 above.

(14) One could develop the following theory for functions denned over only a portion of 9JJ;

however there would be a considerable loss of simplicity in the statement of definitions and theo-

rems.
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closured) of the set I(F, crQ) will be called the V-integral of F{a) over o0, and

we write I(F, o-0)ci = f<,0F(d<r). Furthermore, if fc<>F(da) consists of a single ele-

ment, then F(a) is said to be S V-integrable over aa.

4.2. Theorem. If F(er) is V-integrable on a0, then f„0F(d<r) is unique.

Suppose F(a) U-integrable to each of the sets Ii(F, <r0), I2(F, o-0). Then

it is immediate from the definition that, for every VEV, there exists a Ay„0

such that J(F, cr0, A) is u.s. to both Ii(F, cr0) and I2(F, o-0) with respect to F

for A=Ava0; that is, if A= {er,-}, then there exists wo such that 7r^7ro implies

2~l*F(cr<,r^\Oi), Im(F, cto) are equal within V (m = 1, 2). It follows immediately

from this result that I\{F, o"o), Ii{F, <r0) are equal within 2V. Therefore,

Ik(F, <T0)CIi(F, <r0) + 2V (k = l, 2; 1=1, 2). Since V is arbitrary, Ik(F, <r0)

—Ii(F, cro)ci; hence Ii(F, <r0)ci = h(F, a0)ci.

Observe that, if F(ar\cro) =6 for every a, then F(a) isS TJ-integrable on cr0

to the value 6.

5. Properties of the integrals(16).

5.1. Theorem. If F(a), G(cr) are V-integrable on a0 and a is any real num-

ber, then aF{<r), F(a)-\-G(a) are V-integrable on <ro and

If a = 0, the statement for aF(cr) is obvious, and, if a9*0, the desired re-

sult is a consequence of the fact that, if J(F, <r0, A) is u.s. to I{F, o~o) with

respect to V, then J(aF, ao, A) is u.s. to aI(F, cr0) with respect to aV.

In the case of F{a) +G(cr), we observe that, for arbitrary VG.V, there

exists a Ar<,0 such that, if A—AVc0, then J(F, a0, A), J(G, o*o, A) are, respec-

tively, u.s. to Ja^Fida), f<,0G(da) with respect to V. From this it is immediate

that J(F+G, (T0, A) is u.s. to f„0F(da)-\-fc<lG(da) with respect to 2F. Since V

is arbitrary, the desired result follows.

5.2. Corollary. // F(cr), G(o) are S V-integrable on o-0, then

5.3. Theorem. If F(a) is V-integrable on both tri, a2 and if a\C\a2 = 0, then

F(a) is V-integrable on aiVJa2 and

(15) The closure of a set X is denoted by Xci. It can be shown (see [ll]) that

Xci=r\(X+V) for V- Observe that, if ^(o-) is U-integrable to I{F, <r0), then it is also 7J

integrable to I(F, o-0)ci.

(le) The theorems of this section will be stated for the TJ-integral and are, of course, true

for the § TJ-mtegral. In case the results for the S U-integral are stronger, we state them as cor-

ollaries.
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r F(da) = r r f*» + r f^i .
J <HU<>2 L.J tri V o-2 Jci

5.4. Corollary. 7/ F(cr) «s S V-integrable x>n both <ri, 0*2 and if 0-1^0-2 = 0,

/Aere F(cr) t's S V-integrable on a-^Jcri and

f      F(oV) =  f F(oV) 4- f F(d<r).
fflUo-2 J o\ J a«

5.5. Theorem. The V-integral is a completely additive function of a in the

sense that, if F(o) is V-integrable on each ak (k = 0, 1, 2, ■ • • ), where o-° = Uo-*

and crmr\an = Q (m^n; m, n?*0), then {f„kF{da)\ {k = \, 2. ■ ■ ■ ) is u.s. to

J„oF(do-) with respect to every F£TJ.

There is no loss in taking a° = M. Since the integral exists for each crk'

there exists Ay such that, if A = Ay, J{F, <rk, A) is u.s. to JakF{da) with respect

to 2-*-1Ff> = 0, 1, 2, • • ■ ). Denote by Ai the sum of the Akv (k = 1, 2, • • • )

over the subdivision \o~k\ (see §4 above) and set A0=AiAy. Evidently on the

set crk the subdivision A0 is finer than the subdivision A jr. Therefore J(F, ak, A0)

is u.s. to f„kF(do-) with respect to 2_*_1F. If A0= {o,}, then there exists wq

such that t = tt0 implies the equality of Et^V«')' jMF{da) within F/2. Set

«jr = max {n\anr\\JToo-i9*0} ; then, for an arbitrary (but fixed) n = nv, there

exists a 7T„ such that Trn = ir0, fc£7r„, l>n imply o-'fV, = 0 and

E F{ck r\ <r<) C f F(da) 4- 2~k~W,    f F(da) C E F(<rk C\ <r.) 4- 2~k~W,
iS *n J ak J ak i£ i„

for k = 0, 1, 2, • • • , n. It is obvious that (17)

E E F(<r*r.ffi) = E F(ffi);
A=l r£ rrn irn

therefore,

E W C E f F(oV) 4- F/2,       E f *W C E W + F/2.
Is ft=l »r er* A=l »r ak I,

Now, since xn^7r0 we have immediately that

E f C f F(cf<7) 4- V,        f F(da) C E f F(da) + V,
k=l J ak J M J M k=.l J ak

where n^ny is arbitrary. This argument does not depend on the order in

which the sets ak are taken; therefore the desired result follows from Theo-

rem 2.3.

(17) It is understood that terms for which <7k(~\ai = 0 are omitted.
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5.6. Corollary. The SV-integral is completely additive in the ordinary

sense.

The proofs of the next two theorems are not difficult and will be omitted.

5.7. Theorem. Any function F(cr) defined over 93? which is completely addi-

tive in the sense of Theorem 5.5 is V-integrable on every a and F(cr)ci = f„F(da).

5.8. Theorem. If F(cr), G(o) are V-integrable on a0 and if there exists A^such

that' {ffi} =A—A0 implies the existence of tt\ such that, for tt^tta, it is true that

Z G(<ro H <r<) C Z F(*o H <r<) + V,
7T TT

then

f G(da) C [ f F(da) + v\ .
" o-o L " "n —lei

5.9. Corollary. 7/ f(o-), G(o-) satisfy the conditions of Theorem 5.8 and

if in addition F(a) is S V-integrable, then f<,aG(da) — j^^Fida) C Fc>.

5.10. Theorem. If F(a) is V-integrable on a0, then so also is F(a)ci and to

the same value.

For every VElV, there exists Ar such that, if {o-<} =A—Av, then there

exists tta for which it ^ 7Ta implies the equality of fC0F(dcr), 2^LrF(oa^ai) within

V. Since F(<r)e!CF(ff)+ F' for arbitrary V'EV and cr, it follows that

Z'rF(o-ono-i)CiCZ»-?'(0'(i'^cr«')+ F. Therefore fr„F(d<r), ZT^o^f.Oa are equal

within 2F. Since F is arbitrary, the desired result follows by definition.

5.11. Theorem. If F(a), G(a) are V-integrable on cro and if, for every crCcro,

G(a)QF(<x)ci, then f.tG{dv)Qf.tF(d<r).

In the present case the conditions of Theorem 5.8 hold for every F£7J;

therefore

r Gr» c r r Ff»+F/2] c r w+f
J o-0 L     o-0 o' <r0

for every FGTJ. Since f„aF{da) is closed, fC0G(dcr)C.fC(>F(do-).

5.12. Corollary. 7/ F(o-) is SV-integrable on <r0 ß«^ i/, /or ffQ,, G(o-)

QF(a)ci, then G(o-) is S V-integrable on a0 and fC0G(do-) = J,aF(dcr).

6. Differential equivalence. The results of this section parallel similar re-

sults obtained by Kolmogoroff for the case of X the real numbers. The follow-

ing definition of differential equivalence is a direct generalization of the Kol-

mogoroff definition [7, p. 666].

6.1. Definition. The functions F(a), G(V) are said to be differentially

equivalent (we write d.e.) on the set o-0 provided for every FGU, there exists a
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Ay such that, if A 2: Ay, then J(F, tr0, A), J(G, <Tq, A) are summably equal within

V. (See Definition 2.1 above.)

6.2. Theorem. If F(a), G(a) are d.e. on tr0, then the V-integr'ability of either

function on cr0 implies the V-integr ability of the other and to the same value.

Suppose F(cr) TJ-integrable on cr0. Evidently, for every V(£V, there exists

Ay such that A —Ay implies that J(F, cr0, A) is u.s. to J„0F(da) with respect to

Fand that J(F, <r0, A), J(G, aa, A) are summably equal within V. From this

it follows that J{G, er0, A) is u.s. to f„0F(da) with respect to 2 F for A 2: Ay.

Since F is arbitrary G(a) is TJ-integrable to f„ljF(do-) by definition.

6.3. Theorem. If F(a), G(a) are V-integrable on <r0 to the same value, then

they are d.e. on o"o.

6.4. Corollary. If F(a) is V-integrable on every o-Co-0, then F(cr) and

J„F(da) are d.e. on <r0.

In view of the preceding results, one can characterize the (indefinite)

TJ-integral in terms of differential equivalence.

6.5. Theorem. In order that a function 1(a) be the (indefinite) V-integral

of a given function F(a), it is both necessary and sufficient that it be closed (that

is, 1(a) = I(cr)ci), completely additive in the sense of Theorem 5.5 and d.e. to

F(cr) on each a.

6.6. Corollary. In order that a single-valued function 1(a) be the (indefi-

nite) S V-integral of a given function F(a), it is both necessary and sufficient that

it be completely additive in the ordinary sense and d.e. to F(cr) on each a.

7. Transformation of an integrable function. We now introduce a general

type of linear transformation T(X) defined on subsets of I and whose values

are sets in a similar space The topology on $ will be given by the system

of sets V individual elements of which will be denoted by U. T(X) will be

subject to the following three conditions:

(1) XiCX* implies T(X,)CT(X2).

(2) T(X) is linear, that is, T(a1Xx-\-a2Xi) =a1T(X1) +a2T(Xi).

(3) T(X) is continuous in the sense that (7£ V implies the existence of a

VuGV such that T( Vu) C U.

The class of transformations described above contains as a special case

the ordinary linear continuous point transformations T(x) on X to g), where

T(X)= {T(x) I x(E.X]. It also contains the operation of forming the convex

C0X of a set X and the operation of forming the "generalized convex" C*(X)

of a set using the bounded generalized convex operators of G. B. Price [13,

p. 7]. Observe that in these last two instances X = g) and the transformations

have the additional property of leaving individual points invariant.
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7.1. Theorem. If F(cr) is V-integrable on a0, then the function T(F(a)) is

V-integrable on a0 and f,^T(F(da)) = T[fa„F(da) ]ci.

Since T(X) is continuous, for arbitrary E/£ V there exists Vu(E.V such

that T(VV)(Z.U. Also, since F(a) is TJ-integrable on cr0, there exists Au such

that, if {<Ti} =A=AUt then there exists tta for which tt = tta implies

E F(<r0 H er,) C f F(» + VUt f F{da) C E ^ (<r0 A «0 + Vv.

Application of T" to these relations and use of (1), (2) give

E T{F{<yür\ ad) CT^J F(d<r)j + U,

F(dc) C E r(^(ffo a «7,)) + £r.

Therefore J(T(F), cr0, A) is u.s. to T[f„0F(dcr)] with respect to U, which com-

pletes the proof.

7.2. Corollary. If F(a) is S V-integrable on <r0, then{™) T(F(a)) is S U-

integrable on cr0 and Jar>F(T{da)) = T[faoF(da) ].

7.3. Corollary. If £ = §) awd single elements are invariant under T, then

S V-integrability of F(cr) implies that of T(F(cr)) and to the same value; that is,

faoT(F(da))=fcoF(da).

8. The S TJ-integral in a complete space. It will be recalled that the defini-

tion of the V- and S U-integrals (Definition 4.1) involves an assumption con-

cerning the existence of the value of the integral in the space. This is, in part,

necessitated by a lack of completeness in the space £. It is the purpose of this

section to show that the existence assumption can be dropped in the case of

theS TJ-integral provided the space 96 is complete relative to V (see §1 above).

8.1. Definition. The function F(a) is said to be conditionally S V-integra-

ble on a0 if, for every VEV, there exists a Av<,0 so that \a{} =Ai — Av„„ implies

the existence of independent 7r(A') (j = 1, 2) for which it is true that Eri^VoAoj)

-2Zx2F(a0r\o-2)CV whenever irj = ir(A>) (j=l, 2).

8.2. Theorem. If F{a) is S V-integrable on tr0, then F(a) is conditionally

S V-integrable on a0-

8.3. Theorem. If ■£ is complete relative to V and F{a) is conditionally

S V-integrable on a0, then F{a) is S V-integrable on aQ.

(ls) Observe that the continuity of T(X) implies that single elements are carried into single

elements; that is, T(X) induces a linear continuous point transformation on X to $.
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Let Ar„= {o~iv} be the subdivision and Tr(AVco) =irv the associated set of

positive integers given by Definition 8.1. Denote by Xv a particular one of the

elements in the set 53TVF((ToA<rtr) I then, by Definition 8.1, J(F, <r0, A) is u.s.

toxr with respect to Vfor every A >: Af„0. We now prove that {xv} is a funda-

mental U-directed set.

Let FGU be arbitrary and consider any pair of elements V\, F2GTJ such

that ViC V/2 (* = 1, 2). For A^AF,„Ar!t, we have that J(F, <r0, A) is u.s. to

Xy, with respect to V\ and to Xv-2 with respect to Vt. It follows directly from

this result that Xkj—XfjG Fi+F2C F and, hence, that {xv} is a fundamental

TJ-directed set. Let x0 be the limit of this set. It remains to show that F(cr) is

S U-integrable on a0 to the value x0.

For arbitrary FGU first chose F0CF/2 such that F'CF0 implies

+ {xv>— Xo} GF/2 and then choose Av„„, according to Definition 8.1. Then,

if A 2;AFo<ro, J(F, (To, A) is u.s. toxv„ with respect to F0. But + {xy0 — x0} £ F/2;

therefore J(F, <r0, A) is u.s. to Xo with respect to F; that is, F(a) isS U-integra-

ble on o-0 to the value Xq.

The proof of the following lemma, though not difficult, is somewhat long;

so will be omitted.

8.4. Lemma. Conditional S D-integr ability on M implies conditional S V-

integrability on every a.

Combining Lemma 8.4 with Theorem 8.3 we have

8.5. Theorem(19). If 3c is complete relative to V and F(a) is conditionally

S V-integrable on M, then F{a) is S V-integrable on every a.

9. A convergence theorem for the S LMntegral. We consider only the

S U-integral in this section and restrict attention to integrable functions F(er)

for which f„F(dcr) is absolutely continuous relative to a given, positive, com-

pletely additive measure function m(a). In view of Theorem 3.1, we could

replace the above restriction by the stronger condition that w(cr)=0 imply

F(a)=6.

The following definition gives a generalization of the notion of approxi-

mate convergence(20) to functions F(a) of the type being considered here. It

is also a generalization of a much stronger type of convergence used by Kol-

mogoroff [7, p. 665].

9.1. Definition. A sequence of functions {F„(<r)} is said to converge ap-

proximately to F(cr) relative to m(a) provided, for every integer n and FGU,

there exists a a(n,  F)£9Jl and a subdivision Anv such that, for each V,

(19) Compare with Phillips' Theorem 4.1 [12, p. 122]. Observe that "completeness with

respect to d" used by Phillips implies completeness relative to TJ (they are, in fact, equivalent;

see Footnote 7).

(20) gee Definition 12.3 and Theorem 12.4 below.
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lim„,M m(cr(n, V)) =0 and, for A—AnV, it is true that J(Fn, a, A), J(F, a, A)

are summably equal within V for every a^Mr\Ca(n, V).

Observe that, if A= {<r,} and J(Fn, a, A), J(F, a, A) are summably

equal within V for arbitrary aCMC\Ca(n, V), then J(Fn, aCMJ^i, A),

J(F, aCWJ^Vi, A) are summably equal within V for arbitrary it and

aQMr\Ca(n, V). It follows immediately that 2~l*Fn(<rr\Oi), 2~2*F(ar\ai) are
equal within V for arbitrary it and aC.MC\Ca{n, V). We thus obtain a re-

sult which is somewhat stronger than summable equality.

The proof of the next theorem will be omitted, since it is essentially con-

tained in the first part of the proof of Theorem 9.5 below.

9.2. Theorem. Let Fn(a) be S V-integrable on every a and let fcFn(da) be

absolutely continuous relative to m{a) (n = 0, 1, 2, • • • ). Then, if Fn(a) converges

approximately to Fo(cr) relative to m(a), the following are equivalent:

(i) lim,,..,«, J\Fn(da) = f„F0(da) uniformly in a.
(ii) J,Fn{da) are equi-absolutely continuous relative to m{a).

9.3. Definition. The function F{a) is said to be $> V-integrable uniformly

in a provided F(a) is S V-integrable on every a and, for each V(EV, there exists

Av independent of a such that, if A — Av, then J{F, a, A) is u.s. to f,F(da) with

respect to V uniformly in a.

9.4. Lemma. Let F(<r) be S V-integrable uniformly in a and let <r0 be such

that + f<,nc<,F(da) £ Vfor all a. Then there exists Av such that {a, j =A =AV im-

plies +53»'-^VoAo-t) C2 Vfor arbitrary it'.

From the definition of uniform S U-integrability, there exists Av such that

{<r,} =A—AV implies that J(F, a, A) is u.s. to faF{da) with respect to V uni-

formly in <r, that is, there exists 7Ta independent of a such that, if tt—tta,

Now let it' be arbitrary and set cr=o-0n(LL'O-,), 7r = 7r'W7rA in (1). Since

i fart'tiFida) £ V for all a, this completes the proof.

9.5. Theorem. Let 3c be sequentially complete, Fn(a) S V-integrable uni-

formly in a, and f„Fn(da) absolutely continuous relative to m{a) («=1,2, ■ ■ • )•

Then, if { F„(<r)} converges approximately to F(a) relative to m(a), the following

are equivalent:

(i) F(er) isS V-integrable uniformly in a and lim,,..«, f„Fn{da) = f„F{da) uni-

formly in a.

(ii) limnf„F„(da) exists for every a.

(iii) fcFn(da) are equi-absolutely continuous relative to m(a).

That (i) implies (ii) is trivial and (ii) implies (iii) by Theorem 3.2. We

prove that (iii) implies (i).

(1)
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Let VEV be arbitrary and set amn=a(m, V)V)a(n, V), where a(m, V),

a(n, V) are given by Definition 9.1. If A —AmV-AnV, where AmV, AnV are given

by Definition 9.1, and if (rClHCo-,,, then J(Fm, a, A), J(Fn, a, A) are each

summably equal to J(F, a, A) within V. It follows that J(Fm, a, A), J(Fn, a, A)

are summably equal within 2 V. Now an application of Corollary 5.9 gives

f        Fm(da) - f        Fn(da) £ (21% C 3V.

This holds for arbitrary a and all m, n. Using (iii) ,we obtain tiv such that

m, n = nv implies + J„p[amnFk(da)EV for arbitrary a and all k. Therefore, if

m, n = ttv,

(' Fm(da) - f F.r» £ 3F + 2F C 6F,

where a is arbitrary and nv obviously does not depend on a. It follows that

\J„Fn(da)} is a fundamental sequence uniformly in a. Since 96 is sequentially

complete, there exists 7(o-)£3£ such that Y\mn^ J„Fn(da) = 1(a) uniformly

in <r. It remains to show that F(a) is SU-integrable uniformly in a to the

value I (a-).

Let VEV be arbitrary and select a subsequence of the Fn(a), which we

continue to denote by {Fn(a)}t having the following two properties:

(a) ± {/„Fi(do-)-1(a)j £2~3F for all <r.

(b) There exist tn£9J? such that(21) w(r„) < 5(2-"-4F), Ot,+i, and also

there exist A„v such that A =Anv implies J(FV, <r, A), J(F, a, A) are summably

equal within +2""-2Ffor all ffCtf^Cr,.

Set a° = MC\Ct\ and <r° = t„_iP\Ct„ for re = 2, and consider the subdivision

A» = {<r?}. Since m(o-fV2) < 5(2""-3 F) (for « = 2), it follows that ± J,^nFn(da)

£2_"_3F for arbitrary a. Hence, by Lemma 9.4, there exists A" = A°A„y such

that {o-<} =A StA" implies

± T.Fn^nalnad C F/2"+2,

for arbitrary tt', a and n = 2. Out of property (b) and the remark following

Definition 9.1, it follows that ET'Fn(iTfVJirWi), E,r'F(o-fV°fV;) are equal

within + 2-"-2Fand, hence, that

+ 2>(<x n <r„° n a,) c F/2n+1.
TT '

This result holds for arbitrary « = 2, a, it' and {crf} =A—An.

Now define A1 such that A =Al implies J(F, a, A) u.s. to f„Fi(da) with re-

spect to 2_4F uniformly in a, and let Av be the sum of the subdivisions A"

(21) S{eV)>0 is chosen so that, if m(tr)<S(eV), then ±J<,Fk(do-)Z.eV for all ft.
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(» = 1, 2, • * • ) over the subdivision A° (see §4 above). For {a,} =A=AV and

arbitrary it', a, we have

(2)    ± Z F(a n n r\ a,) = + f: D F(<r n (r' n <Ti) c E F/2n+1 C F/2,
x' n=2  tt' n=2

where N*> is the largest w for which o-^fXLL'O-;) 5^0.

If A =^ Ay, then 7(Fi, o-rKr?, A) is u.s. to fsP[J>Fi(da) with respect to 2"4F

uniformly in a. Moreover, since m(ri) <5(2~6F), it follows that + f „^F\[da)

£2-6Fand, hence, that J(FU ar\a\, A) is u.s. to fcF,(da) with respect to 2~3F

uniformly in a. Applying (a), we obtain J(Fh aC^al, A) u.s. to I{cr) with re-

spect to F/2 and, applying (b) again, we have J(F, of^al, A) u.s. to 1(a) with

respect to F/2 uniformly in a. From this last result and (2) it follows that

J(F, a, A) is u.s. to 1(a) with respect to F uniformly in a, which completes

the proof of Theorem 9.5.

Part III. Integration with respect to a "bilinear" function(22)

10. The Ujs-integral. Let £, as usual, be a convex linear topological space

and let £) be simply a linear space. We introduce a "bilinear" function B [y, a]

subject to the following four conditions:

Bl. For every yEty and(2Z) ffG9K, B [y, cr] is a unique element of X.

B2. B[y, a-] is linear [not necessarily continuous) in y for each cr; that is,

B [onyi+atyz, a] =onB [yu a]+a<iB [y2, a].

B3. For each y, B [y, a] is a completely additive function of a.

B4. There exists a real number ß St 1 such that(2i)

m m fi,'

£ B [Yu a] C F   implies   £ £ B [Ft, <r,'] C ßV,
i-1 i=l j'=l

where F.-C3, ff,A(r, = 0 (i^j), ai = UjLloJu oif"V* = 0 (j^k).

The functions y(a) to be considered in this part will be multi-valued and

defined on 9JJ to §). They will be subject without exception to the restriction

that <riC<72 shall imply y(a\)cZy{a2). Such functions are described as contrac-

tive^). If A={<r,} is an arbitrary subdivision, the sequence of sets

{B [y(o(~\ai), o-fVi]} will be denoted by the symbol Jß(y, a, A).

10.1. Definition. y(a) is said to be Vs-integrable on <r0 provided there

exists an element In(y, o-0)G36 such that, for every KG11, there exists a A,„v for

which Jß(y, a0, A„0y) is u.s. to Iß(y, a0) with respect to V. Iß(y, &o) is the value

of the integral and we write Iß(y, a0) = fa0B[y, da].

(m) The general idea of considering integration with respect to a "bilinear" function was

suggested by T. H. Hildebrandt. This paper represents a development from that idea.

(23) See Footnote 14 above.

(») If FC?), then B[Y, <r]= {B[y, <r]\yGY}.
(26) Observe that, if y{t) is a point function, the associated set function y(<r) = {y(t) \ t€z<i]

is contractive.
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Observe that this definition is weaker in form than Definition 4.1, be-

cause the assumption here is that Jb{j, <fo, A) be u.s. to Iß(y, Co) only for

A =A„0y rather than A =;A„0y. The weakening of the definition of integrability

is balanced by the conditions on B[y, cr]. Definition 10.1 is essentially that

used by R. S. Phillips [12, p. 118] and the integral obtained here will be seen

to reduce to his as a special case (Theorem 15.3).

10.2. Lemma. Let FiCD, o-/"V/ = 0 («3*j)i <rt = UJli«7|, <rJfVf = 0 fjVfc);
then

+ |at+f;5[7i,<ri]| C V

implies the existence of a 7r0 independent of x such that, if Tn = ir0,

+ {* + £ £ b[yit a*]} c m.
\ i=l   jGrj /

We have immediately that

m

E5[Fi - F^ o-A C 2F;
i=i

hence, by condition B4,

El E B[Yi - F^ »1] + b\y> - Fi, u <r, } C 2ßV,

where the r< are completely arbitrary. This can be written in the form

E  E ^[Fi, <rl] + E B   Fi, u <r-   - E  E B[Yt, I]

- E 5 [Fi, u <rf| C 2ßV.
1=1    L     j'^Ti -I

(i)

This gives

+ { £   £ B[Yit <r,] + £ 5 [f.-, u »Ii - E £[Fi, <ri]l C 2ßV.
v <—1 jGij t=i     l     ifif   j      i=l /

It follows by the hypothesis of the lemma that

(2) + <* + £ E B[Yh at] + E 5  7,, u <r- [• C 207 + V.

Now let ji be some particular element of Yi\ then from condition B3 it is

evident that there exists a ir0 such that Tri=wo implies

(3) + E^iy,-, u <r-l G F.
i=l     V j
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Relations (2) and (3) together give

± {* + Z Z B[YU        C 2ßV + V + V C W,
v.      i=i jGij ;

which completes the proof.

10.3. Lemma. // Jß(y, a, A0) is u.s. to Ib{j, a) with respect to V, then

Jß(y, a, A) is u.s. to In(y, a) with respect to TßVfor all A^A0.

There is no loss in taking a = M. Let A0= {<r<} ; then by hypothesis there

exists 7To such that 7r^7ro gives

(1) ± { Z 5[jW, <ri] - IB(y, M) j C V.

Consider {o^}=A^A0, where aj = U]'°=iOJi. By Lemma 10.2 there exists ir0'

such that ir,- = 7To implies

(2) ± { Z    Z B[y(tri), ai] - IB(y, M)\ C AßV-

Now let Vq denote those integer pairs (i, j) for which *'Gto and j£7rd, and

consider any finite set of integer pairs v which contains vq\ that is, v = Vo- Set

v' = \{i,j)\ (i,j)Gv, iETo} and v" = {(i, j)\ (i,j)Ev, i£ir0}. It follows from

(2) that

(3) + | Z B bU), '<] ~ Wy, M)} C W.

Moreover, from (1) we have

(4) + tu] C 27,

for arbitrary w' such that 7r'n7r0 = 0. Because of the arbitrary character of it'

in (4),.we can write

(5) +2ZB[y(ai)VJd,ai]C2V.

Now let 7r'= {i| (i,j)€zv" for some/}, jt/ = (j| (i,i)Gf"} and apply B4 to

(5) to obtain

± { Z B[y(ffi) U 6, 4] + Z äf^O U9,   U ^1} C 2/37.

From this it follows that

(6) ±2ZB[y(<rid,ai]C2ßV.
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Combining (3) and (6) we obtain

± { £ B[y('b, 4] ~ Is(y, M)| C AßV + 2ßV c 7ßV^

As a consequence of Lemma 10.3 we have

10.4. Theorem. TJB-integrability of y(a) is equivalent toS V-integr ability of

F{a)=B[y{a),a}.

Investigation of the form in which the basic properties of the SU-integral

appear in the special case of the TJs-integral will be left to the reader.

The following lemma is in preparation for the proof that L-b-integrability

of y{a) for every a implies S U-integrability of F(a) uniformly in a.

10.5. Lemma. If for a given A={o-<} there exists ir\ such that ■Wi — ira.

(i=l, 2) implies

(1) S«[yW, »<] - E5[yW, *«] C v,

then for arbitrary a and iri — -KA (*=1, 2)

E B[y(<r n      a n <r{] - E B[y{? H <r<), m C\ <r,] C 40F.

Taking 7ri = 7t2 = 7rA, we obtain from (1)

An application of B4 gives

E \ B[y(ct) - yW,fAfi] - B[y{at) - y{at), c,- n Ca]} C 07.
'a

Since 0Gy(o"») —y(<r,), it follows that

(2) E      n o~i), a n *<] - £ üb («rn.ro, * n <r,] c ßV.
»a ""a

Again from (1) we have for arbitrary tt'Oita = 0

+ E-BbW, *<] C F,

which, because of the arbitrary character of tt', implies (as in the proof of

Lemma 10.3)

± Ei-b'Orn.ri), <rn<t,] CßV.

Combining this last result with (2) completes the proof of the lemma.

10.6. Theorem. VB-integrability of y(a) on every a is equivalent to SV-inte-

grability of F(cr) =B\y(a), a] uniformly in a.
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Because of Theorem 10.4, for every FGU there exists Ar such that, if

{<Xi} =A=AV, then there exists ta for which 7t = 7Ta implies

+ j Z B[y(cd, d] - f B[y, da]} C V/2.

Therefore, if 7ri = 7rA (»«=1, 2),

Z B[y(ai), <t;] — Z B[y(cri), <7i] C 7.
xl «"2

From Lemma 10.5 it follows that

(i)   ± { Z^b^nrr.o^n^] - Y,B[y(*n<ri),<rn<ri]\ cm

for arbitrary cr and 7rtSt7TA (*= 1, 2). Now, for a particular <r choose A„v such

that A'2tA„f implies Jß(y, ff, A') u.s. to J„B [y, da] with respect to V. Let

{<r/ I =A'=AA„f, then it follows that there exists 7Ta' such that, if 7r'St7rA',,

(2) ± |Z5b(ff n <r/), <rn<r<'] - f s[y, da]} C V.

Now in (1) choose 7T2 = 7Ta such that U,A'ff/ CU,,^. Then, since A'StA, we

can apply Lemma 10.2 to (1) and obtain the existence of a iri — tta' such that

+ I Z B[y(a n <Ti), o-n et] - Z 5[y(ff n »/), <r n «r«' ]} c w2v.

This result with (2) yields

± { Z B[y(a r\ <t,), a (~\ at] - j' B[y, da]} C 18/32F,

for arbitrary xSt7TA. Since 7Ta does not depend on a, the proof is complete.

11. The TJß-integral in a complete space. It has already been observed

that the definition of the L^-integral is weaker in form than the definition

of theS U-integral. Similarly, conditional UÄ-integrability can be defined in a

weaker form than conditional S TJ-integrability.

11.1. Definition. y(a) is said to be conditionally Vß-integrable on ff0 pro-

vided for every VEV there exists A„oF= {ff,} and 7r„0y such that, if in=irCljv

(i= 1, 2), then

Z B[y(a0 H ad, <r„ C\ r<] - H ff,), <r„ H ff,] C V.

The following theorem follows easily from Lemma 10.2.

11.2. Theorem. Conditional Vs-integr ability of y(a) is equivalent to condi-

tional S V-integrability of F(a) =B[y(a), a].
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Out of Theorems 11.2 and 8.5 we obtain

11.3. Theorem. If 3E is complete relative to V and y(a) is conditionally

V'B-integrable on M, then y(a) is V B-integrable on every a.

12. Absolute continuity and a convergence theorem for the Us-integral.

In this section we assume given a positive completely additive measure func-

tion m(a) defined over 2Jc such that m(a)=0 implies B [y, a]=6 for every

y£§). We have immediately that m{a) =0 implies f „B [y, da] = 6, where y(cr)

is arbitrary. This remark plus Theorem 10.4, Corollary 5.6 and Theorem 3.1

enables us to state

12.1. Theorem. If y(a) is Vß-integrable on every a, then f„B [y, da] is com-

pletely additive and absolutely continuous relative to m(a).

Throughout this and the following section we assume a topology(26) on

the space given by the system of neighborhoods V individual elements of

which will be denoted by U. Also B [y, a] will be subject to the following con-

dition in addition to B1-B4.

B5. B\y, M] is continuous on 2) to £; that is, for every VCV there exists

UvGV such that B[UV, M]CV.

12.2. Theorem. If B[y, a] satisfies B1-B5, then B[y, a] is continuous for

each a and uniformly in a.

Let VGV and choose Uv such that B [Uv, M] C V/ß. Applying B4 we get

B[Uv, a]+B[Uv, MC\Ca](Z.V, where a is arbitrary. Since BEUv, we have

B [Uv, a]CV. But Uv does not depend on a; hence B [y, a] is continuous uni-

formly in a.

12.3. Definition. The sequence of functions {yn(a)\ is said to converge ap-

proximately (27) to y(a) relative to m(a) provided, for every n, U, there exists

a(n, U) such that \imn^m(a(n, U))=0foreach U' and foraQMr\Ca(n, U)

it is true that the sets yn(a), y(a) are equal within U.

12.4. Theorem. If y„(a) converges approximately to y(a)according to Defini-

tion 12.3, then Fn(a) =B[yn(a), a] converges approximately to F(a) =B [y(a), a]

according to Definition 9.1.

Given VQV, because of Theorem 12.2 we can choose Uv such that

B [ Uv, a] C V/ß for every a. It follows immediately from B4 thatXXi# [ Uv, at]

C V for arbitrary disjoint o\-. Now, if ffiQMr\Ca(n, Uv), then

y»(<r.) C y(o-i) + Uv

Applying B [y, cr,] to this relation and adding, we obtain

(M) ?) is not necessarily assumed to be convex.

(") This definition is a generalization of the one used by Phillips [12, p. 125].
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£ B [?»(><), a] C £ B [y(*i), r<] + F.
<=i <-i

In a similar manner we obtain

m m

£ B[y(<rf), ffi] C £ 5[y,(ff<), «r*] + F.
«'=1 i-l

It follows from these relations that JB(yn, a, A), JB(y, a, A) are summably

equal within V for every A and aC.Mf\Ca{n, Uv)- Since lim,^ m(a(n, Uv))

= 0, the proof is complete.

Collecting the results of Theorems 10.6, 12.4, 9.5, we can state

12.5. Theorem. Let 3c be sequentially complete, yn(a) be 1) B-integrable on

each a (n = 1, 2, • ■ ■ ), and y„(tr) converge approximately to y(a). Then the fol-

lowing are equivalent:

(i) y(a) is VB-integrable on each a and lim„<00 f,B [yn, da] = JaB [y, da] uni-

formly in a.

(ii) lim,,^ f„B [yn, da] exists for each a.

(iii) faB [yn, da] are equi-absolutely continuous relative to m(a).

13. Measurable functions. An existence theorem for the Us-integral. The

following definition of measurability for functions y(a) of the type being con-

sidered here is a generalization of a definition given by Price [13, p. 25] for

single-valued point functions with values in a Banach space. We are inter-

ested here only in generalizing Theorem (16.1) of [13] to the Us-integral,

where B [y, a] is subject to all of the five conditions B1-B5.

13.1. Definition. The function y(a) is said to be measurable (9J?) on the set

(t0 provided, for every set Y dense in y(a0), y £ Y and Z7£ V implies the existence

ofavv £9)? such that y(ayu) Cy+ U and such that a a = Uv^Yavu-

The next definition gives a generalization of a familiar condition fre-

quently imposed on Lebesgue measurable functions to insure the existence of

a finite Lebesgue integral.

13.2. Definition. The function y(a) is said to be B-summable provided, for

every F£TJ, there exists Ay such that, if {cr<} =AStAy, then there exists ir& for

which wC^tta = 0 implies +£rZi [y(<rO. ai] C V.

Observe that, if y(a) is .B-summable, then JB(y, M, A) is u.s. to

£rA5[y(o"i), a,] with respect to V for A=AV. Also it can be proved that

y{a) is .B-summable if there exists Av with the property that, for each A =i Av,

there is a bounded(2i) set Ia such that JB{y, M, A) is u.s. to Ia with respect

to V. ,

(28) A set X CX is said to be bounded provided, for every U, there exists a >0 such that

XQaV[lX\.
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A function y(cr) is said to be separable provided the set y(M) is separable.

Almost separable (B) will mean that there exists a set a0 of 5-measure zero

(that is(29), B[y, a0]=6 for every y£g)) such that y{MC\Caü) is separable

[13, p. 25].

13.3. Theorem. Let 3£ be complete relative to 1) and let y(a) be B-summable,

almost separable (B) and measurable (3J?) on the set Mf^Coo, where ao is the

set of B-measure zero such that y{MC\Caa) is separable. Then y(a) is V b-integra-

ble on each a.

It may as well be assumed at the outset that y(a) is separable. Also, in

view of Theorem 11.3, it will be sufficient to prove y(cr) conditionally TJs-in-

tegrable on M.

Let VGV be arbitrary and choose UvGV so that B [ Uv, a] C V/ß for all

a. Then, for arbitrary disjoint cr,-, it follows by condition B4 that

m

(1) £ B [Uv, di] C V.
i=l

Since y{a) is measurable (9)c) there exists cr°G9)c such that y(cr°) Cyn + U'

and M=U"=1(t°, where {y„} is the separating sequence for y(if) and £/'£ V

is chosen so that +2U''(ZU. Let Av be the subdivision given by Definition

13.2 and choose {cr;} =Av = Av such that each cr,- is contained in one of the

sets a°. Observe that y(<7i) —y(<r;) C Uv for every i.

Since {a,} Sr. Av, there exists wv such that ttTwv^O implies [y(o"j),

c,]CF. For arbitrary 7T, St 7Tf (* = 1, 2) set 7T; = 7nAJ7r,' where ir/ P\7Tf = 0. Then

£5 [?(*,■),<*••] - lB[yW,ff(]

= I^bW - ?(*<), ft] + 2~2 B[y(*i), *i]-2Z B[y(aA, ct;]

C D 5[f-V, «] + F + F C F + F + F C 47,
'r

where the next to last inclusion follows by (1). Since Fis arbitrary, this com-

pletes the proof.

If condition B3 is strengthened so that B [y, cr] is completely additive

uniformly for yCU, where U is an arbitrary element of V (we say that

B[y, a] is uniformly completely additive), then we can prove that bounded-

ness(30) of y(a) implies 5-summability and thus obtain the following theorem.

13.4. Theorem. Let % be complete relative to V and let B [y, a] be uniformly

(29) It is easy to prove, using B1-B4, that B [y, <r0] = 6 for every yG2) implies B[y, <r]=9

for every a (Z^o and

(30) The function y(a) is said to be bounded provided the set y(M) is bounded.
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completely additive. Then, if y(a) is bounded, almost separable (B) and measur-

able (9J?) on the set Mf^Caü, it follows that y(a) is V s-integrable on each a.

Part IV. Relation to other integrals

14. The Kolmogoroff integral. The following theorem is a direct conse-

quence of definitions; therefore the proof will be omitted.

14.1. Theorem. If 3c is taken to be the real numbers, then the SV-integral

includes(n) the Kolmogoroff single-valued integral [17, p. 663].

15. The Phillips integral. Consider the special "bilinear" functions m(o)x,

where m(a) is a completely additive positive measure function over 9JJ and x

is an element of the convex linear topological space 3c.

15.1. Lemma. Let X, FC3c, <r = U?_1<r<1 <rt-rV,- = 0 (i^j). Then Y+m(a)X

CVch where V£-V, implies F+XXMo^C V*.

We have m(al)Y+m(a)m(ai)XC.m(ai)Vci (i= I, ■ ■ ■ ,n). Summing these

relations over i gives

n n n

£ mfäY + m{<r) £m{?t)X C X ™(cr£)Fci.
;=i <=i i=i

But Fc; is convex; therefore X"=iw(ffi) ^ =m(a) Vci. Moreover m(a)Y

CX?-iOT(°".)F; hence y+2Ztim(ai)XCV,i, provided m(a)^Q. Since the

lemma is obviously true if m(a)=0, this completes the proof.

15.2. Theorem. The "bilinear" function B [x, a] =m(a)x satisfies all of the

conditions B1-B5 (including uniform complete additivity); therefore the entire

theory of the TJa-integral applies.

All of the conditions are obviously satisfied except B4 which follows di-

rectly from Lemma 15.1. Observe that in the present case the constant of B4

can be taken as 1+e, where e>0 is arbitrary.

Definition 10.1 of the LVintegral reduces in this case to precisely the

definition used by Phillips [12, p. 118]; therefore

15.3. Theorem. For the case B [x, a] =m(a)x, the VB-integral reduces to the

Phillips integral.

16. The Price integral. Consider the special "bilinear" function r(a)x,

where x is an element of a Banach space 3c with its norm topology of spheres

having center 6 and where r(a) is a linear continuous transformation of 3c

into itself. r{a)x means the result of transforming x by r(cr). G. B. Price has

(31) One integral notion is said to include a second provided every function integrable ac-

cording to the second notion is also integrable according to the first and to the same value.



520 C. E. RICKART [November

defined an integral for this situation by first subjecting t(o) to the following

conditions(32) [13, properties (8.1)-(8.3) ].

Tl. If t(ct) is the identically zero transformation, then a'C^a implies that

r(a') is also identically zero.

T2. If t(o) is not the identically zero transformation, then it has a continuous

inverse r~1(a).

T3. For every sequence {an} of disjoint elements of W, r(U<r„) =/.t(<t«).

where the series is unconditionally convergent according to the norm topology in

the space of transformations.

T4. The generalized convex operator C* generated by r{a) is bounded [13,

pp. 7-10]. The bound will be denoted by ß'.

16.1. Theorem. If r(a) satisfies T1-T4, then the "bilinear" function

B[x, a\=r(a)x satisfies conditions B1-B5 (including uniform complete addi-

tivity). Therefore the entire theory of the VB-integral applies.

All of the conditions are obviously satisfied except B4 for which we make

the following proof.

Let XiC%, Oi = U"L1oJi, cr/V,- = 0 tr?fV-=0 and assume

2_]?=iT(ai)Xi(ZVr, where Vr is a sphere of radius r and center t9£i\ The

thing to be proved is that(33) 2ZtiY^=ir{aJl)XiC.ß'(Vr}ci. In view of Tl, we

can evidently assume t(ct,) not identically zeio (i = 1, ■ • • , m). For simplicity

let f4 = T(o{)T-1 (ai), then

m    ni . m Vi

Z Z r(a\)Xi = Z Z Wr(*<)**
;=i j—l i=i i—i

Moreover, since Z?iiMi = -^. where I is the identity transformation, we have

the following

m     ni Vi nm       . .     /   m \

Z Z HiT(ai)Xi C Z '  '  '   Z Ml" •  •  • Pm  f   Z T(ai)Xi J
t-1 1-1 ft—1      J„-l \ i=l /

C Z ' ' '   Z Ml   ' ' ' f-mVr.
31=1 I»-l

But {pi ■ ■ ■ Pm } is obviously an element of the generalized convex operator

C*; therefore fZ-iTS<-A<>{)XiCß'( Vr)cu
The following theorem is an easy consequence of Theorems (11.4) and

(4.11) of Price's paper.

(32) Condition Tl was not stated explicitly by Price but is implicit in the proof of part 6.9

of his Theorem 6.4. Also the situation discussed here is a bit more restricted than that considered

by Price, since we require t(<j) to be defined for every crGSK while Price admitted certain sets

with "infinite measure" (see Footnote 14 above).

C) Observe that the constant ß of condition B4 can then be taken as ß'-\-e, where e>0 is

arbitrary. .
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16.2. Theorem. If B[x, a] = r(a)x, then the Vß-integral includes the Price

integral.

17. Open questions. Is it possible to dispense throughout with the condi-

tion that the space 96 be convex?

Kolmogoroff [71] has also given a definition of a multi-valued integral for

real functions. What is the precise relationship of this Kolmogoroff integral

to the U-integral when 36 is the real numbers?

Is the specialization of the Us-integral which includes the Price integral

actually equivalent to it?

Is condition T4 on r(cr) equivalent, in the presence of T1-T3, to condition

B4 on B[x, a] =r(<r)x?
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